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Existence of global strong solution for Korteweg system with 
large infinite energy initial data 

Boris Haspot * 

Abstract 

This work is devoted to the study of the initial boundary value problem for a 



^\i I general isothermal model of capillary fluids derived by J.E Dunn and J.Serrin (1985) 

(see [16j). which can be used as a phase transition model. We will prove the exis- 
CL|| fence of local and global (under a condition of smallness on the initial data) strong 

■^r ■ solutions with discontinuous initial density when Inpo belongs in the Besov space 

— N 

\^ , B2oa (^ ) • Ou'" result relies on the fact that the density can be written as the sum 

of the solution p^ associated to linear system and a remainder density p which is 
more regular than pL by taking into account the regularizing effects induced on the 
^ ' bilinear convection term. The main difficulty concerns the proof of new estimate of 

maximum principle type for the linear system associated to the Korteweg system, 
the proof is based on a characterization of the Besov space in terms of the semi group 
rG , associated to this linear system. Let also point out that we prove the existence of 

C^ ' global strong solution with a smallness hypothesis which is subcritical in terms of 

the scaling of the equations, it allows us to exhibit a family of large energy initial 
data for the scaling of the equations providing global strong solution. In particular 
for the first time up our knowledge we show the existence of global strong solution 
for some large energy initial data when N — 2. 
Q>^ , We finish this paper by introducing the notion of quasi-solutions for the Korteweg's 

00 ' system (a tool which has been developed in the framework of the compressible Navier- 

■^ , Stokes equations [25l |26l HOj [28l [^^ ) which enables us to improve the previous result 

\l^ ' and to obtain the existence of global strong solution with large initial velocity in 

l' ' S±-i 

'Nj I ^2^oo ■ ^^ ^ corollary, we get global existence (and uniqueness) for highly compress- 

^■"■^ ' ibleKorteweg system when N > 2. It means that for any large initial data (under an 



irrotational condition on the initial velocity) we have the existence of global strong 
solution provided that the pressure is sufficiently highly compressible. 



X ■ 

u '• 1 Introduction 



We are concerned with compressible fluids endowed with internal capillarity. The model 
we consider originates from the XlXth century work by Van der Waals and Korteweg 
[43tl35| and was actually derived in its modern form in the 1980s using the second gradient 
theory, see for instance [161 [331 US]- The first investigations begin with the Young-Laplace 
theory which claims that the phases are separated by a hypersurface and that the jump 
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in the pressure across the hypersurface is proportional to the curvature of the hypersur- 
face. The main difficulty consists in describing the location and the movement of the 
interfaces. 

Another major problem is to understand whether the interface behaves as a discontinu- 
ity in the state space (sharp interface) or whether the phase boundary corresponds to 
a more regular transition (diffuse interface, DI). The diffuse interface models have the 
advantage to consider only one set of equations in a single spatial domain (the density 
takes into account the different phases) which considerably simplifies the mathematical 
and numerical study (indeed in the case of sharp interfaces, we have to treat a problem 
with free boundary). 

Another approach corresponds to determine equilibrium solutions which classically con- 
sists in the minimization of the free energy functional. Unfortunately this minimization 
problem has an infinity of solutions, and many of them are physically wrong (some de- 
tails are given later). In order to overcome this difficulty. Van der Waals in the XlX-th 
century was the first to add a term of capillarity to select the physically correct solu- 
tions, modulo the introduction of a diffuse interface. This theory is widely accepted as a 
thermodynamically consistent model for equilibria. 

Korteweg-type models are based on an extended version of nonequilibrium thermodynam- 
ics, which assumes that the energy of the fluid not only depends on standard variables 
but also on the gradient of the density. Alternatively, another way to penalize the high 
density variations consists in applying a zero order but non-local operator to the density 
gradient ( see [3H], [3S], [l^). For more results on non local Korteweg system, we refer 
also to [9l[ini[IIlEIl[23]. 

Let us now consider a fluid of density p >0, velocity field u £ M^, we are now interested 
in the following compressible capillary fluid model, which can be derived from a Cahn- 
Hilliard like free energy (see the pioneering work by J.- E. Dunn and J. Serrin in [16] and 
also in [TJ [6l [E]). The conservation of mass and of momentum write: 

d 

—p + div(/9n) = 0, 

f (1-1) 

— (/9u) + div(/9u ®u)- div(2/i(p)D(u)) - V(A(p))divu) + VP(/9) = divK, 

where the Korteweg tensor read as following: 

divK = V {pK{p)/\p + -{k{p) + pK {p))\V p\'^) -div(K(/>)V/9®Vp). (1.2) 

K is the coefficient of capillarity and is a regular function. The term divK allows to 
describe the variation of density at the interfaces between two phases, generally a mixture 
liquid-vapor. P is a general increasing pressure term. D{u) = (Vu -|-* Vu) defines the 
stress tensor, p and A are the two Lame viscosity coefficients depending on the density p 
and satisfying: 

^ > and 2p + N\> 0. 

In what follows, we are interested in investigating the existence of global strong solution 
for the system (jl.ip when we authorize jump in the pressure across the interfaces. In 
order to obtain a such result, we are going to show the existence of strong solutions in 
critical space (it means in spaces as large as possible) for the scaling of the equations 



with an initial density which is not necessary continuous (let us point out that it will be 
one of the main interest of this paper). 

Before detailing this program, let us recall briefly the classical energy estimates for the 
system (jl.ip . Let p > be a constant reference density (in what follows, we shall assume 
that p = 1), and let 11 be defined by: 

so that P{s) = sH (s) — n(s) , U (p) = 0. Multiplying the equation of momentum 
conservation in the system (jl.ip by u and integrating by parts over (0, t) x R , we obtain 
the following estimate: 



/ dp\u\' + (Uip)-U{p)) + lK{p)\Vp\'){t)dx + 2 f [ pip)\D{ 
Jm.^ ^ ^ Jo Jm.^ 



u)\ dxdt 



+ [ f X{p){dwufdxdt< [ {po\uo\'^ + {U{po)-U{p)) + li^{po)\Vpo\'^)dx. 

Jo JRJV Jrn I 

(1.3) 
It follows that assuming that the initial total energy is finite: 

fo = / {po\uo? + (n(po) - n(p)) + ^ivpoH^x < +00 , 

then we have the a priori following bounds when -P(p) = ap^ with 7 > 1 and when 
vp{p) < 2p{p) + NX{p) < i/i(p) with iy>0: 

(p-l)eL°°(L]), and plu]"^ e L°°{{0,+oo), L\R^)), 

^/^Vp£L°°{{0,+oo),L\R^)f, and ^/JI{p)Du,e L\{0, +00) xR^)^\ 

We refer to |37j for the definition of the Orlicz spaces. Let us now recall the notion of 
scaling for the Korteweg's system (jl.ip . Such an approach is now classical for incom- 
pressible Navier-Stokes equation and yields local well-posedness (or global well-posedness 
for small data) in spaces with minimal regularity. In our situation we can easily check 
that, if {p,u) solves (jl.ip . then {px,ux) solves also this system: 

Px{t, x) = p{\ t, Ax) , ux{t, x) = Xu{X t, Ax) 

provided the pressure laws P have been changed into A^P. 

Definition 1.1 We say that a functional space is critical with respect to the scaling of 
the equation if the associated norm is invariant under the transformation: 

{p,u) — > {p\,ux) 

(up to a constant independent of X). 

This suggests us to choose initial data {po,uo) in spaces whose norm is invariant for all 
A > by the transformation (pq^uq) — > {po{X-),Xuo{X-)). A natural candidate is the 
Besov space (see the section [2] for some definitions of Besov spaces) -83 4, x {B2 00 )^' 



however since -Bg 4) i^ ^o^ included in L°° , we cannot expect to get a priori L°° estimate 

on the density when Po £ -^2 4, (in particular it makes the study of the non linear term 
delicate since it appears impossible to use composition theorems). Typically except in 
the case of specific pressure we are not able to deal with this last one. An other difficulty 
concerns the control of the vacuum or more precisely of the L°° norm of -, indeed it is 
crucial to avoid vacuum in order to involve the parabolicity of the momentum equation. 
That is why an other candidate of initial data space would be (i?2 oo 1^-^°°) ^ (-^2 oo )^5 i^ 
will be typically in this last type of space that we shall prove some result of global strong 
solution by considering specific physical coefficients. Indeed controlling the L°° norm of 
the density for general physical coefficients is generally an hard task in fluid mechanics, 
even if the Korteweg system allows to obtain regularizing effects on the density. This is 
the reason why in the literature the authors consider initial density which are in Banach 
spaces imbedded in L°° and such that the regularity is propagate via the parabolic 
structure of the system. 

Let us briefly mention that the existence of strong solutions for A^ > 2 is known since the 
works by H. Hattori and D. Li |3HI32|. R. Danchin and B. Desjardins in |15) improve this 
result by working in critical spaces for the scaling of the equations, more precisely the 

initial data (po — 1, PqUq) belong to B21 x B21 (as mentioned previously, let us emphasize 

N_ 

on the fact that -62^1 is embedded in L°°and it plays a crucial role in order to control the 
vacuum and the I/°° norm of the density). In |36j, M. Kotschote showed the existence 
of strong solution for the isothermal model in bounded domain by using Dorea-Venni 
Theory and Ti.'^ calculus. In [31J, we generalize the results of [15] in the case of non 
isothermal Korteweg system with physical coefficients depending on the density and the 
temperature. 

1.1 Mathematical results 

We now are going to state our main results. As we explained previously, one of the 
main difficulty to obtain strong solutions for Korteweg's system in very general Besov 
spaces consists in dealing with the L°° control the vacuum - and of the density p without 
simply propagating the regularity of a Banach space embedded in L°°. To do this we 
shall precisely understand the structure of the equations by developing new arguments 
related to the maximum principle. 

Before explaining how to prove such results, let us start with observing speciflc structure 
on the Korteweg system when k{p) = - with k > 0, indeed it is possible to rewrite the 
system (jl.ip in a simple way by introducing an effective velocity, see the system (jl.lOp 
(we refer also to |341I19| where the authors prove the existence of global weak solutions). 
More precisely as we shall see in system (jl.Sp with such capillarity coefficients we are 
able to write the Korteweg system with a density unknown depending only on In p (web 
refer to (jl.Sp for more details). 

Remark 1 Let us give some explanations on this choice of capillarity n{p) = -, indeed 
this regime flows exhibits particular phenomena in the case of the compressible Korteweg 
Euler system (which is called quantum compressible Euler system when k{p) = ^). At 
least heuristically, the system is equivalent via the Madelung transform to the Gross- 
Pitaevskii equations which are globally well-posed for large initial data in dimension N = 



1,2,3 (we refer to JJT^ j. One of the main difficulty to pass from Gross-Pitaevskii to 
Quantic Euler consists in dealing with the vacuum. This is one of the reasons why the 
mathematical community is interested in building solitons for this type of problem (one of 
the main other reasons correspond to give a negative answer to the problem of scattering 
and consequently to study the stability of the soliton, we refer to J^). We would also like 
to mention very interesting results of global weak solutions for the compressible quantic 
Euler equation with a regime k{p) = - due to Antonelli and Marcati (see f^). To finish 
let also mention that we prove in fW/ that it exits global strong solutions in one dimension 
for the system il.l\) when n{p) = ^ and p{p) = pp, \{p) = and furthermore these 
solutions converge to a global weak entropy solution of the compressible Euler system 
when p goes to 0. It shows in particular that the Korteweg system is relevant to select 
the physical solution of the compressible Euler system via a viscosity- capillarity vanishing 
process. 

When k{p) = -, we rewrite the capiharity tensor as fohows (see the appendix for more 
details on the computations): 

K{p) =Kp{V^{\np) + Iv(lVlnpp)). 

We now want to consider the eulerian form of the system (jl.ip when k{p) = - with 
K > 0, we obtain then by dividing by p the momentum equation the following system: 

(9t In /) + n • V In p + divu = 0, 

dtu + u-Vu- ^dw{2p{p)Du) - ^V{X{p)dwu) + VF{p) = KVA(lnp) 



+ fV(|Vln;9|2) 



(1.4) 



(ln/3,u) t=o = ilnpo,uo). 



with F{p) defined by — ^ = P {p). In the sequel we will use the following definition. 



p 
Definition 1.2 We now set: 



q = \n.p. 



One can now state the main results of the paper. In the first theorem we prove the 
existence of global strong solution for ()1.4p with small initial data and of strong solution 
in finite time with large initial data when we choose specific viscosity coefficients and 
pressure terms. More precisely we shall deal with the shallow water viscosity coefficients: 

p{p) = pp, X{p) = Xp, 

with p > and 2p + X > 0. It leads to the following system: 

dtq + u ■ Vq + divu = 0, 

dtu + u-Vu- pAu - 2pVq • D{u) - (A + p)Vdivu - XdivuVq + VF{p) 

{q,u) t=o = {lnpo,uo). 



KVAg + fV(|Vg|2), 



(1.5) 



Let us now state our main results, we refer to the section [2] for the definitions of the 
Besov space and the Hybrid Besov spaces. 



Theorem 1.1 Let N > 2. Assume that fj,{p) = fip, X{p) = Xp with p > 0, 2/x + A > 
and P{p) = Kp with K > 0. We also suppose that: 



Qo e B2^^ and uq G B^^^ 



N 
2 " 

l,oo 



There exists a time T such that m.5\) has a unique solution (q, u) on (0, T) with: 
q E L??(i?2%) n L\[BlZ ), and u G LfiB^^ ) n 4(i?2^^ )• 

Furthermore it exists Eq such that if in addition go G B2^ and: 

Ikoll -4-1,4 + ll^oll iv_i < eo- (1-6) 

-Do ^ On ^ 



then the solution {q, u) is global with: 

q G L^{B2%'' - ) n L^S^^o^'' ' "-'), and u G L^{Bi-') n L^i^^^ot'). (1-7) 



/fin addition of the hypothesis ( fi.6]) lye assume that {qo,U()) belongs in B22 ' ^ x -^2^2 
and i/iai qo G L°° i/ien i/iere exists a unique solution {p, u) of the system il.l\) with 
q = Inp. Furthermore for any T > it exists Ct > depending on T such that: 

ll~llLf?(L°°) + IIpIIl5?(l°°) < Ct- 
In addition it implies that for any T > 0: 

q G L^{Bl2) n L\Bi:^ - + ), and u ^ Lf{B2% ) n ^'(i?2^2 )• 

(1.8) 



Remark 2 We want to point out that in the first part of the theorem \1.1{ we solve the 
system U.5\) and not the system hl.l\) . Indeed we do not assume any control on go in 
L°° , it means that we have no information on the vacuum of the density. So it is not 
clear that a solution from ( fi.5|) is also a solution from \1-1\) when there is vacuum. This 
result proves in a certain way that the good variable to consider is not the density p but 
rather Inp. Let us emphasize on the fact that this result is the first (up our knowledge) 
for compressible system where we are able to work with such general critical initial data 

(in particular uq G -62^00 what is a classical regularity for incompressible Navier-Stokes 

equations, see 18]). 

In the second part of theorem we provide additional hypothesis on the density since 

JV i^ — 1 

go = In />o belongs also in L°° n B22 and uq G -B22 ; ^'^ counter part we are able to show 
that with such initial data we have existence of strong solution for the "real" Korteweg 
system lil.l\) . The main difficulty consists in proving L°° estimates on q by splitting the 
solution q in the sum of the solution of the linearized system gx, and a remainder term q 
taking into account the non linear terms. We combine some maximum principle results on 
qi and regularizing effect on q on the third index of the Besov space to show that q is well 
controlled in L°°. This part is quite technical and involves new ideas for developing some 



results of maximum principle type, to do this we show in particular a characterization 
of Besov spaces in terms of the semi group associated to the linear system related to lll.l]) . 

Let us finish by observing that in this theorem we authorize that the initial density is 
not necessary continuous as in fT5\j . this is one of the main motivation of this paper. In- 
deed we can deal with initial density which have some jump, we observe that the density 
is immediately regularized in the sense that p is in C°°((0,T),M ) for any T > 0. This 
is due to the fact that the interfaces are diffuse. 

Remark 3 The second interest of this theorem it to obtain the existence of global strong 

solution with subcritical smallness on the initial data. More precisely we assume that 

~K — i E. — — 1 

(go, Wo) belongs in {B22 '^ n L°°) x B22 but we require only a smallness assumption 

in -62^00 ' ^ ^ -^2^00 • ^''^ particular it allows us to prove the existence of global strong 
solution with large initial data in the energy space when N = 2, this is up our knowledge 
the first result of global strong solution with large initial energy data for the Korteweg 
system when N = 2. 
We give a example of such initial data in the corollary where iio,e,io can be chose as 

N__l — — 1 ——1 

small as possible in i?2^oo ^^^ very large in B22 ■ Let us recall that when N = 2, B22 
corresponds to L^ which is the energy space for uq (see lll.3\) ). 

An other interesting point is that compared with 1 15^ . we can choose initial density with 
a large L°° norm. 

Remark 4 We now want to point out the specificity of the different physical coefficients, 
it is typically the case for the pressure and the viscosity coefficients where P{p) = Kp and 
p{p) = pp. Indeed under this form we can check that the variable ln/> appears naturally 
everywhere but also that there is no non-linear terms depending on the density such that 
it would be necessary to have L°° control in order to deal with them (typically by using a 
composition theorem). Let us also mention that it is not possible to obtain the same type 
of result for compressible Navier-Stokes equations as we have no regularizing effects on 
the density. 

Remark 5 We would like to mention that we could easily extend the result of strong 
solution in finite time to the framework of Besov spaces constructed on general 1/ spaces 
when the initial data verify: 

N_ — — 1 

qo e Bp% and uq G Bp% , 



Concerning the existence of global strong solution we would have to assume that qo is in 

^2p 00'' ^''^'^ ^0 £ B2P 00' ^ , the main difficulty would concern the proof of estimate for 
the linear system associated to the Korteweg system with such initial data (we refer to 
' for a such study in the framework of the compressible Navier Stokes equations). 



The previous theorem takes into account in an essential way the structure of the viscosity, 
capillary and pressure coefficients, indeed it allows us to assume a smallness hypothesis 



only on initial data in ^2^00 ' ^ ^ -^2^00 ^^ order to obtain global strong solution. We 
would like to extend this result to general physical coefficients and in particular dealing 
with the case of the constant capillary coefficient in order to improve the results of [T5] . 
Let us state a new theorem dealing with general pressure and with capillary coefficient 
of the form K,{p) = - or k with k > 0. 

Theorem 1.2 Let N > 2. Assume that fj,{p) = /xp or p, A(p) = Xp or X with p > 0, 
2p + X > 0, k{p) = ^ or k with k > and P a regular function such that P (1) > 0. 
Furthermore we suppose that pQ = 1 + ho: 

ho e 52^2 ' ' n B2'i n L~ and uq £ Bl^ n B^^ . 
There exists Eq such that if: 



^o\\ ~N T N N ~\~ \\Un\\ No N T ^ £n. 



^2,1 ' '-^ -"2,1 ' '-"2,2 



then it exists a global unique solution (p, u) of the system lil.l\) with p = 1 + h and: 

h e L~(i?2^2 ' n B--^) n l\bi:^^-^ - +' n B-) n l-(l-) 



and ueL°°{B2'2 r\B^^ ) n ^^(SaV n ^2^^ 



1.9) 



Remark 6 We would like to mention that this theorem extend the results of flS'J in terms 
of rough regularity on the initial data. Here we assume only that uq belongs in B22 

N_i 

instead B21 , the main task as in the previous theorem \1.1\ consists in getting a control 

N_ 

of the density in L°° without assuming /iq € B21 as in 115]. To do this we have to study 
precisely the linearized system of \1.1\) and involving some results of maximum principle 
type, in addition the solution are the sum of solution for the linear system associated 
to hl.l\) and remainder terms taking into account the non linearities. These remainders 
terms benefit from regularizing effects on the third index of the Besov space which will 
ensure a L°° control on the density. For more details we refer to the proof of theorem 

TM 

Let us mention that for the first time up my knowledge we can choose initial density 
which are not continuous as in |J5J /. in particular we authorize some jump on the initial 
density which is immediately regularized. 

Remark 7 Let us point out that in the previous theorem \l.S\ we ask additional regularity 

——2 ——2 

in low frequencies on {hQ,UQ), indeed we assume that (/io,uo) are in B21 x (-62^1 )^- 
This is essentially due to the fact that we have shown maximum principle for the system 
{N) pl8 (which does not take into account the low frequencies) and not for the system 
(Nl) p 20 (see the proposition \3.95]) . We think that it would be possible to extend the 
proposition \3.95\ to the system (A^l). In particular it will allow to avoid this additional 
regularity on the initial data in low frequencies. For more explanations we refer to the 
remark \18[ 



We are now interested in dealing with the specific case k{p) = ^ and fi{p) = fip, X{p) = 
where we can exhibit a specific structure on the system (jl.ip . we obtain from system (jl.Sp 
(when A = 0) the fohowing simphfied model by assuming that v = u + pSJ In p (we refer 
to the appendix for more details on the computation or |19j)): 

f 9fp-/xA/) = -div(pi;), 

[ pSiU + pu • Vv - div(^p Vv) + VP(p) = 0, 

which is equivalent to the following system if we control the vacuum on the density p 

with g = In p: 

f dtq - pAq + vVq= -divv + /^IV^P, 

\dtv + u-\7v- pAv - pVq ■ Vv + VF{p) = 0, 



In this particular case we are able to use a new tool developed in [281 [291 [251 [261 [20] called 
the quasi-solutions. More precisely we can check that it exists a particular solution of 
the following system (where we have canceled out the pressure P): 

(dtp-pAp=-div{pv), 

[ pdtv + pu ■ Vv — div(/i/9 Vv) = 0, 

Indeed we verify that {pi, —pVlnpi) is a particular solution of (|1.12p if the density pi 
verifies the following heat equation: 

dtpi-pApi = 0. (1.13) 

The idea will consists in working around this quasi-solution which allows us to prove the 
existence of global strong solution with small initial data in subcritical norms. Indeed 
we are going to search solution under the form: 

q = Imp = Inpi + h2 with pi = 1 + hi and u = —pVlnpi + U2. 

We deduce from (jl.lip that (/i2;^2) verifies the following system: 

' <9t/i2 + divti2 - pVlnpi ■ V/12 + ^2 • Vlnpi = F(/i2,U2), 

dtU2 — pAu2 — p'Vdivu2 — KVA/12 + ifV/i2 — 2/iV Inpi ■ Du2 — 2pVh2 ■ Dui 

+ ui ■ \7u2 + U2 ■ Vui - ^^V(Vlnpi • V/i2) = G(/i2,U2), 
{ih2i0,-),U2i0r)) = ihlul). 

(1.14) 
with: 

F{h2,U2) = -U2 ■ V/l2, 

„2 (1.15) 

G{h2,U2) = -U2 ■ Vu2 + 2pVh2 ■ Du2 - KV Inpi + ^Vd V/i2|^). 

Let us state our main theorem for the system ()1.14p . 



Theorem 1.3 Let N > 2. Assume that fj.{p) = fip, k{p) 



and X{p) = with p > 



and P{p) = Kp with K > ^. Furthermore we suppose that uq = —pV\b\p^ + U2 and 
Inpo = lii(Pi) + ^2 such that p^* = 1 + /iiO and it exits ci > such that p5 — ^i > 0. In 
addition we assume that: 



h\^Bi, '\ hieBi; 



and U2O G B21 ■ 



Furthermore it exists C > 0, Eq (depending on h\), and two regular function g, gi such 
that if: 



Pi ^2 1 Pi 



^2,1 



"-9 --iV 1 iV + Un JV -, \ en- 



^2,1 

then it exists a global unique solution (p, u) of the system lil.l\) with: u 
and Inp = lnpi + /12 with pi = 1 + hi verifying the following system: 



(1.16) 
pV In pi + U2 



dtpi - pApi 
PiiO,- 



pI 



0, 

l + hl 



Furthermore we have: 



h2£L° 



{BiA 



')rM\Bi: 



and U2 G L^{Bl^ ) n L^{Bi:^ ). (1-17) 



Remark 8 Let us mention than the main interest of this theorem, is to prove the existence 
of global strong solution with large initial data for the scaling of the equation which is 
completely new up our knowledge. Indeed it suffices to choose h^{x) = Lp{\x) with ip G 

such that 1 + ip > c> Q we then verify easily that: 



^ JV_9 iV 
n2 ^'2 

-"2,1 



1/1° 



1 1I ^ 



W JV 



2,1 ^2,1 

||i + v^||l°°, 
1 _ II 1 II 

~q||l°° — II:; — \ ||l° 



Ip?IIl. 



(1.18) 



Pi 



1 + c/? 
1 „ 



|/ll II iV 5 = -Toll'/'ll ^ 
^2,1 ' ^2,1 



It implies that h\ verifies /11.16\) by choosing A large enough. In particular it implies that 

JV JV 

by taking (p large in i?2^oo '^^^ initial density h\ is large in the critical Besov space -62^00 
for the scaling of the equations. It is also possible to choose ip large in B\ ^ which shows 
that there is existence of global strong solution for large initial data in the energy space 
when N = 2. This is certainly the main interest of this paper. 
We could also to choose h^i^x) = ln{X)p{Xx) with A > which shall still improve the 

JV 

previous estimates in term of large initial data in B22 ■ 



We would like also to point out that the condition il.l6\) is in the same spirit that small- 
ness condition in some forks of Chemin and Gallagher in fl3[ \14^ for incompressible 



10 



Navier-Stokes equations. Indeed in these works the authors prove the existence of global 
strong solution for large initial data in B^^ which is the largest critical space for the 
Navier-Stokes equations. 

— —2 

Remark 9 We think that we could improve the condition on initial density h^ G B21 
by working around the quasi solution only in high frequencies and by working in low 

frequencies directly with p — 1 in the spirit of 124-U It would be then possible to assume 

— -1 
that hi belongs only to B21 . 

Let also point out that in this theorem, by a very accurate study on the linear system 

associated to the system Jj.i^l ) (see the proposition \3.S^) we could probably improve the 

N__2 jv 

initial condition on h\ by assuming only h\ in B21 H -B2^2-e ^ ^°° ™^^ e > (see 
the remark \17\). In particular it would allow to choose initial density not necessary 



continuous. 

It may be also probably possible to work with general regular pressure, it would make the 

proof technically more difficult. 

We are going to finish by presenting a result of global strong solution with large initial 
data when we assume the system (jl.ip highly compressible. 

2 
Corollary 1 Let N > 2. Assume that fi{p) = pp, k{p) = — and \{p) = with p > 

and P{p) = Kp with K > 0. Furthermore we suppose that uq = —pVllnp^] + U2 and 
Inpo = 111(^5) + ^2 s'^ch that p^ = 1 + ^1 ^^'^ it exits ci > such that Pi > ci > 0. In 
addition we suppose that: 

, JV o JV ^N -, N N 



21 ' ^ , /12 e -^2^ ' ^ and 1^2 S -^2^ • 



Furthermore it exists Eq > (depending on h^ and the viscosity coefficient p,) such that 
for any K < eq it exits ei > such that if 



^Oii , ||„,0 



h2\\ N.^,N+\\U2\\ N_,<ei. (1J9) 



then it exists a global unique solution {p,u) of the system il.l\) with: u = —pVlnpi + U2 
and In p = lnpi + h2 with pi = 1 + hi verifying the following system: 

( dtpi - pApi = 0, 
\pi(0,-)=P? = l + /i?. 
Furthermore we have: 

/i2 G L'^{Bli ' ) n L^{Bli ' 2 +^) and u^ £ L°°(B2'i ) ^ ^^(52'i )• (^'^O) 

Remark 10 The main interest of this theorem is to prove the existence of global strong 

solution for any large initial data provided that K is sufficiently small with P{p) = Kp. 

In other terms we get global existence (and uniqueness) for highly compressible fluids in 

any dimension N > 2. Up my knowledge it is the first time that we have a result of 

global strong solution with large initial data in dimension 3 (under a condition of course 

of high compressibility, which means that K must be small in function of the initial data 

and in function of p). Roughly speaking K tends to be very small when ||/ii||_iv_2 ^ ^■^ 

^2,1 
very large. 
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This article is structured in the following way, first of all we recall in the section [2] some 
definitions an theorems related to the Littlewood-Paley theory. Next we will concentrate 
in the section H] on the proof of theorem 11.11 and 11.21 In section [U we shall prove the 
theorem 11.31 by introducing the notion of quasi solution which will play a crucial role. In 
section [5] we show the corollary [TJ We postpone in appendix (see section [6]) some technical 
computation on the capillarity tensor and some extensions on the previous results. 

2 Littlewood-Paley theory and Besov spaces 

Throughout the paper, C stands for a constant whose exact meaning depends on the 
context. The notation A < B means that A < CB. For all Banach space X, we 
denote by C([0,T],X) the set of continuous functions on [0,T] with values in X. For 
p G [1, +oo], the notation LP{Q, T, X) or L^{X) stands for the set of measurable functions 
on (0,r) with values in X such that t — )■ ||/(t)||x belongs to U'{0,T). Littlewood-Paley 
decomposition corresponds to a dyadic decomposition of the space in Fourier variables. 
We can use for instance any if G C°°(M ) and x ^ C°°(M ) , supported respectively in 
C = {^ e M^/| < 1^1 < §} and B{0, |) such that: 

^V^(2-'e) = l if e/0, 
and: 



Denoting h = J^^^ip, we then define the dyadic blocks by: 

Aiu = ip{2-^D)u = 2'^ / h{2^y)u{x - y)dy and Siu = V A^u . 



k<l-l 



Formally, one can write that: 



^ AfcU. 



u = 

fcez 

This decomposition is called homogeneous Littlewood-Paley decomposition. Let us ob- 
serve that the above formal equality does not hold in S (R ) for two reasons: 

1. The right hand-side does not necessarily converge in S (M^). 

2. Even if it does, the equality is not always true in S (M^) (consider the case of the 
polynomials). 

For the non homogeneous decomposition, we define the dyadic blocks as follows: 
Kiu = for / < -2, 

Aiu = ip{2-^D)u = 2'^ / h{2^y)u{x - y)dy, for I > 0. 
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Formally, one can write that: 



This decomposition is called non homogeneous Littlewood-Paley decomposition. 

2.1 Homogeneous and non homogeneous Besov spaces and first prop- 
erties 

Definition 2.3 We denote by 5^ the space of temperate distribution u such that: 

limS'jnj_j._|_oo = in S . 
Definition 2.4 For s G M, p G [1, +oo], q G [1, +oo], and u £ S' (R^) we set: 

l&Z 
The homogeneous Besov space Bp is the set of distribution u in 5^ such that ||u||_B3 < 

+CXD. 

Remarlc 11 The above definition is a natural generalization of the hom,ogeneous Sobolev 
and Holder spaces: one can show that B^ ^ is the homogeneous Holder space C^ and 
that B2 2 is the homogeneous space H'^ . 

Proposition 2.1 The following properties holds: 

1. there exists a constant universal C such that: 
C^'^WuWbi' < ||Vn||RS-i < CIIuIIbs . 

2. If Pi < P2 and ri < rg then B^^^^^ ^ Bp^r^^^'^^^^'^^^ 

3. Moreover we have the following interpolation inequalities, it exists C > such that 
for any €]0, 1[ and s <s we have: 



... \\ wO 1 1 1 1 1 

\u\\es+ (1-0)1! < \\u\\Bs,Jm\Qs , 

I 11 (_y IIII/9 Mill f 

^p,i 6{l-9){s - s) "^p>°°" "^1,, 



Let now recall a few product laws in Besov spaces coming directly from the paradiffer- 
ential calculus of J-M. Bony (see [5l[3]). 

Proposition 2.2 We have the following laws of product: 

• For all s G M, ip,r) G [l,+oo]^ we have: 

WuvWb'^ < C(||n||roo||t)|| ds + llf llroo ||u|| OS ). (2.21) 

II II -'—^Tj f \ I I II-'-' II II -'—^Tj r' II II-'-' II II -'--^73 r / \ / 
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Let {p,pi,P2,r,Xi,X2) G [1, +00]^ such that:^ < ^ + j^, Pi < X2, P2 < Ai, ^ < 

-J- + y- and ^ < :^ + J-- We have then the following inequalities: 

tfsi + S2 + iVinf(0, 1 - J- - ^) > 0, 51 + f < f and S2 + f^ < f then: 



\\uv\\ , ,,„ wr 1 + 1 i^5JI'u|Ir^i IkllR^a , (2.22) 

when Si + ^ = — (resp S2 + ^ = —) we replace \\u\\r^n ||w||rS2 fresp \\v\\t^s2 ) 

^y Mb;iJHb;1^ ('^^^P Mb^I^cm^)^ ^/^i + S = ^ "^'^ *2 + |f = f we taA;e 

r = 1. 

// si + S2 = 0, si G (f - ^, ^ - f 1 an(i ^ + ^ < 1 t/ien; 

J 1 I ^ ' -^ ^Ai P2 ' PI A2-I Pi P2 — 

Ikt'll _iv(i + i-i) < Ihllfi'i Iklls^a • (2-23) 

'' "^Pi^P2 P' -°pi,l -°P2.oo 

^p,oo 

^f l>s| < — for p > 2 and — r < s < — else, we have: 
J \ \ p J f — p p J 

WuvWb' < C\\u\\b<> \\v\\ n . (2.24) 

" II p,r — II ll-^p,rll r^"Tr r 

Remark 12 In the sequel p will be either pi orp2 and in this case j = ifpi < p2, 

Corollary 2 Let r G [1, +00], 1 < p < pi < +00 and s such that: 



s 



^ PI ' pi ' •' p pi — 



\ pi ^p pi '' pi ^ •' p pi ' 



then we have if u £ Bp,. and v G Bpl^oo H L°°.- 



IttullRs < C||u||rs lb 

I II o.r — II II o.rii 



N 



P."-" "^Pi 



-Dp-j^.OcH-L^ 



The study of non stationary PDE's requires space of type L^(0,T, X) for appropriate 
Banach spaces X. In our case, we expect X to be a Besov space, so that it is natural to 
locahze the equation through Littlewood-Payley decomposition. But, in doing so, we ob- 
tain bounds in spaces which are not type L''(0, T, X) (except if r = p). We are now going 
to define the spaces of Chemin-Lerner in which we will work, which are a refinement of the 
spaces L'^{Bpj.). 

Definition 2.5 Let p £ [l,+oo], T G [l,+oo] and si G M. We set: 



\U\\ rP I ,, 



We then define the space L(^{Bp\) as the set of temperate distribution u over (0, T) x 



pAf 



such that "U rp^R^i n < +00. 



14 



We set CriBp^j.) = L~(BpV) n C([0,T],Spi,,). Let us emphasize that, according to 
Minkowski inequahty, we have: 



\u 



L'riK]r) - II^IIl^K^.) if ^ ^ Z'' II^IIz^KV) - ll^lli^K^O if ^ < P- (2-25) 



Remark 13 It is easy to generalize propositions \2.2l [E to Lf^{Bp\) spaces. The indices 
si, p, r behave just as in the stationary case whereas the time exponent p behaves according 
to Holder inequality. 

In the sequel we will need of composition lemma in Lj,{Bp.^) spaces (we refer to [3| for a 
proof). 

Proposition 2.3 Let s > 0, {p,r) G [l,+oo] and u G L^{B^^^) n Lf{L°°). 

1. Let F G W/^'J+^'°°(M^) such that F(0) = 0. Then F{u) G L^{B^,.). More precisely 
there exists a function C depending only on s, p, r, N and F such that: 

II^MIIZ^(B|,J ^ ^(ll^lli§?{i°°))ll^llL^(B|,,,)- 

2. Let F G W/^'J+^'°°(IR^) such that F(0) = 0. Then F{u) - F' {0)u G L^{B^,r)- More 
precisely there exists a function C depending only on s, p, r, N and F such that: 



\u) - i^'(0)^||£p (5.^^,) < C(h||i5o(^^))||n|||, ^^^^^^. 



Now we give some result on the behavior of the Besov spaces via some pseudodifferential 
operator (see 0). 

Definition 2.6 Let m G M. A smooth function function f : M^ — t- M zs said to be a 5™ 
multiplier if for all muti-index a, there exists a constant Ca such that: 

v^GM^, wfm<c^{i + \i\r-\^\. 



Proposition 2.4 Let m G M and f be a S^ multiplier. Then for all s & M and 1 < 



p,r < +00 the operator f{D) is continuous from Bp.^ to Bp/^. 
Let us now give some estimates for the heat equation: 

Proposition 2.5 Let s G M, {p,r) G [l,+oo]^ and 1 < /O2 ^ Pi ^ +00. Assume that 
uq £ Bpj. and f G L!^{Bp^r '^\ Let u be a solution of: 

{dtu - fiAu = f 
ut=o = uo . 

Then there exists C > depending only on N, /i, pi and p2 such that: 

If in addition r is finite then u belongs to C([0, T], 5^,.). 
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Hybrid Besov spaces 

The homogeneous Besov spaces fail to have nice inclusion properties: owing to the low 
frequencies, the embedding B^^ M- Bt^i does not hold for s > t. Still, the functions 
of Bp ^ are locally more regular than those of -B* i- for any cp G C^ and u G -Bp i, the 
function (pu £ B^^. This motivates the definition of Hybrid Besov spaces introduced by 
R. Danchin (see a definition in [3]) where the growth conditions satisfied by the dyadic 
blocks and the coefficient of integrability are not the same for low and high frequencies. 
Hybrid Besov spaces have been used by R. Danchin in order to prove global well-posedness 
for compressible gases in critical spaces (we refer to [3] for an elegant proof of this result) . 
We generalize here a little bit the definition by allowing for different Lebesgue norms in 
low and high frequencies. 

Definition 2.7 Let Iq G N, s,t,£ M, (r, ri) G [l,+oo]2 and {p,q) G [l,+oo]. We set- 
Ms^'' = yZ 2''||A,n||iP + V 2^^\\Aiu\\li, 
l<lo l>lo 



and: 



Mb 






Remark 14 When p = q and r = ri we will note to simplify B^' ^ , ^ = Bp]r- 

Notation 1 We will often use the following notation: 

ubf = / Aiu and uhf = / A/n. 
i<io l>lo 

Remark 15 We have the following properties: 

. WehaveB;il, = B;^,. 

• // si > S3 and S2 > S4 then B^^J^'l ^ B^];^'^^ . 

Remark 16 In the sequel we shall often use this hybrid Besov space in order to distin- 
guish the behavior of our solution in low and high frequencies, in particular we would like 
to mention that we can prove results analogous to propositions \2.2\ and corollary [H 



We shall conclude this section by some example of initial data verifying the theorem 11.11 

with large energy initial data when A^ = 2. More generally we are interested in defining 

— K — l E. E. 

initial data which are small in .62^00 ' ^ ^^^ large in -62^2- ^^ implies in particular that 



your initial data V-^/Jo have large energy data when N = 2, furthermore In/jQ is large in 

JV 

B22 which is a scaling invariant space (it improves in particular the results of [15] where 



the initial density is assumed small in -62^1) 



Let us start with recalling a classical example of function in B^^, by sake of completness 
we are going to recall the proof (see also [3j). 
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Proposition 2.6 Let a g]0, A^[. For any p S [l,+oo], the function | • | '^ belongs to 

R P 

-Dp,00 • 

Proof: By proposition 12. II it suffices to show that Ua- = \ ■ \~'^ belongs to B^ ^ . Let us 
introduce a smooth compactly supported function x which is identically equal to 1 near 
the unit ball and such that u is splitting as follows: 

Ua = UQ + ui with uq{x) = x{x)\x\~'^ and ui{x) = {1 — x{x))\x\~" . 

Clearly uq is in L^ and ui belongs in L'^ whenever q > —. The homogeneity of the 
function Ua gives via a change of variable: 

= 2^i^+'^)u^{2^-)*h{2^-) (2.26) 

= 2-''^(Aou.)(2-'-). 

Therefore, 2^^^~'^'\\AjUa\\L^ = II^o^o-IIlI) it reduces the problem to show that Aqu^ is 
in L^. As uq is in L^, AqUq is also in L^ according the continuity of the operator Aq on 
Lebesgue spaces. By Bernstein inequalities, we have: 

IIAo^iIIli < CfcllD^-Ao^illLi < CkWD'^UiWLi. 

Leibniz's formula ensures that D ui — (1 — x)D u^ is a smooth compactly supported 
function. We then complete the proof by choosing k such that k > N — a. D 

We can now deduce from the previous proposition suitable functions verifying the theo- 
rem [TTTJ 



Corollary 3 Let us consider: 



uo,e,ioix) =S{- 



x|i-^' 



with S defined by Su{^) = l/cgKAfo-Bfo 2'o)(0'"(C)- Then for all r G [1, +oo[, for all M > 
for all £i > it exits e > 0, it exits Iq > such that: 

\\uo\\ ^_i < ^1, 

(2.27) 

II Ull 1 - 



Proof: In the sequel in order to simplify the notation we shall write uq for uo,e,/o- ^^^ 
us denote by Ua the function t4^ with a g]0, A^[. By ()2.26p we observe that: 

WAiuJl^ = 2'('^-f )||Aon,||L2. (2.28) 

It implies that for I > Iq we have for Mq independent on e when e < j^: 

2'(f-i+^)||A,no||L2 = ||Aoni_,||i2 < Mq. 
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Indeed using the same arguments than in the proof of the proposition 12.61 we have by 
Bernstein inequahty for C > 0: 

||Aoni_e||i2 < C||Aoni„e||ii, 

< C{\\xUi-e\\L^ + C^\\D\{1 - x)ni-e)\\L^). 

<Mo. 
According to (|2.28|) we deduce that for ah I > Iq: 

2'(f-i)||AiUo||L2 = 2-^'\\AouJl2 < Mo2-'o^ 
It imphes in particular since A/uq = for / < Iq that: 

\\uo\\ iv_i <Mo2-'o^ (2.29) 



-°2,oc 



JV 



Let us now estimate the norm of uq in i?2^r with r G [1, +c«[: 

llnoll ^_, = (J]2^'(f-i)||A,no||l2)^ 

2.'- ZGZ 

= (5;2-'^MJ)^ (2.30) 

= Me2-'o=( i )^, 

It implies that for all M > 0, for all r > it exits e > small enough such that: 

( )-r > M. (2.31) 

We fix now Iq such that: 

Afo2-'o^ = ei. (2.32) 

Let us prove now that when e < ^ it exist a > such that M^ > a > 0. Assume by the 
absurd that this is wrong. It implies that it exists a sequel {en)n<^N which converges to 
when n goes to infinity such that M^^ = ||AoUi_£^||^2 goes to when n goes to infinity. 
By Plancherel theorem and the fact that we know the Fourier transform of | • |~^+^ (see 
[3] p 23) it implies that: 

||-FAoni_eJ|i2 = CN,l-eny\ ■ I^"'""^IIl2 ^n->+oo 0. 

Since we can bound by below \\ip\ ■ |^~^"~^||l2 independently of n, it implies that CN^i-e„ 

goes to when n goes to infinity and this is absurd. 

We obtain finally from (ITMIl . (l2:32]l and ([230]) . (fOT]) that: 



Poll 4-1 < ei, 



l^oll 4_i > 



Meia (2.33) 



B^^'- Mo 
It concludes the proof of the corollary. D 
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3 Proof of theorems 11.11 and 11.2 



In this part we are interested in proving the theorems 11.11 and 11.21 of existence of strong 
solutions in critical space for the scaling of the equations. We want to point out that 
in the theorem 11.11 the viscosity and the capillarity coefficients are chosen with a very 
specific structure. This fact will be crucial in the sequel of the proof in order to obtain 
estimates on the density without assuming any control on the vacuum or on the L°° norm 
of the density for the theorem 11.11 Indeed when ii{p) = fip and k{p) = ^ with k > 
then the system depends only on the unknown In p in a linear way and provides a new 
entropy (see [19] for more details). 

In a second time in order to prove the second part of the theorem II. H we are going to 
estimate the vacuum (which means the L°° norm of -) and the L°° norm of the density. 
More precisely we are going to write a solution (q, u) under the form: 

{q,u) = {qL,UL) + {q,u), 

with {qL^UL} the solution of the linearized part of the system (jl.5p . We shall combine 
maximum principle arguments on qi in order to bound qi in L°° norm and regularizing 

effect on the third index of Besov space for q. Indeed we will prove that q is in L^ {B21 ) 
for any T > which is embedded in L^(L°°). Let us mention that in order to prove that 
qL is bounded in L°° norm we shall prove a very accurate characterization of the Besov 
space in term of the semi group associated to the linearized part of the system (jl.Sp (see 
the proposition 13.11]) . For more details on this part which is the main difficulty of the 
proof we refer to the subsection 13.4.11 and 13.4.21 

As a first step of the proof of theorems 11.11 and 11.21 let us start with studying the 
linear part of the system (|1.5p (when we are interested in proving the existence of strong 
solution in finite time with large initial data, in particular it implies that we do not 
consider the low frequencies terms coming from the pressure) which corresponds to the 
following system: 

(AT) fa,g + divn = F, 

\dtu — aAu — bVdivu — cVAq = G, 

3.1 Study of the linearized equation 

We want to prove a priori estimates in Chemin-Lerner spaces for system (N) with the 
following hypotheses on a, b, c which are constant: 

< a < 00, < a + 6 < 00 and < c < 00. 

This system has been studied by Dan chin and Desjardins (see |15j ) in the framework of the 
Besov space -B| ^, the following proposition uses exactly the same type of arguments used 
in [15] excepted that we extend the result to general Besov spaces SI r with r G [1, +cxd]. 
By sake of completness we are going to show the following proof. 

Proposition 3.7 Let 1 < r < +cxd, s G M, and we assume that {qo,Uo) belongs in 
B^^' X {Bj~'^^')^ with the source terms {F,G) in L^^{B^^^') x {L^B^^'^^'))^ . 
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Let {q,u) e (L^(52'r^'"^^)niT (^2'r^')) x (^T(^2'r'^'^ V^t (^2'^' '))'' be a solution 
of the system (N), then there exists a universal constant C such that for any T > 0; 

ll(^^'-)llzw^f ....,Z.,^f-.. ^ ^(ll(^'^o,no)|| ._,,. + ||(VF,G)|| ._,,). 

Proof: As we mentioned previously, we are going to follow the arguments developed in 
[15j . Let us apply to the system {N) the operator A^ which gives: 



dtqi + divu, = Fi (3.34) 

dtui - div(aVni) - V(6divu;) - cVAg, = G/ (3.35) 

Performing integrations by parts and using (j3.34p we have: 



-c / ui ■ VAqidx = c I divui Aqidx, 

dtqi Aqidx + c / Fi Aqidx, 
dtVqi ■ Vqidx -c f VFi- Vqidx, 



= -— / \Vqi\^dx-c Vqi.VFidx. 

2 dt J^N J^N 

Next, we take the inner product of (|3.35|) with ui and using the previous equality, it 
yields: 



Wi\\l2 + c \Vqi\^dx)+ {a\Vui\^ + b\divui\^)d3i 



Gi.uidx + c I Vqi.VFidx. (^-^^^ 



In order to recover some terms in Aqi we take the inner product of the gradient of (j3.34p 
with ui, the inner product scalar of ()3.35p with Vqi and we sum, we obtain then: 

— / VqiMidx + c {Aqifdx= {GiSIqi + \d\YUi\'^+Ui.VFi 

dt Jrn J^n J^n (3.37) 

— aVui '.Vqi — bAqidivui)dx. 
Let a > small enough. We define ki by: 

kf = WuiWli + c||Vg/||^2 +2a Vqi.uidx . (3.38) 

Jrn 

By using ()3.36p . ()3.37p and the Young inequalities, we have by summing and the fact 
that Q is chosen small enough: 

+ - / (a|Vni|2 + 5|divu/p + 2ac\Aqi\'^)dx < \\Gi\\L2{2a\\Vqi\\L2 + \\ui\\l2) 
^ Jrn 

+ \\VFi\\L2{2a\\ui\\L2 + \\Vqi\\L2). 

(3.39) 
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2dt^' 



For small enough a and applying the Young inequality, we have according ()3.38p : 

\k]<\\uif^c\Vq,f^,<\k]. (3.40) 

Hence according to (j3.39p and (|3.40p there exists K > Q small enough, C > such that: 

l^fcf + K2^'k\ <Ch {\\Gi\h^ + WVFiW^.). 
By integrating with respect to the time, we obtain: 

fe/(t) <e-^22'*fcK0) + C re-^22'(*-^)(||VFKT)||i2 + ||Q(r)||iOdr . 

Jo 

Using convolution inequalities we get for 1 < pi < p < +oo: 

ll^dlLP([0,T])<(2-^A:K0) + 2-''(^+^-^)||(VF^,G,)||,.pi(i2)). (3.41) 

Moreover since we have: 

C-^ki<\\Vqi\\L2 + \\ui\\L2<Cku 

( — — l+s+-']l 

multiplying by 2^ 2 pi ^ taking the V norm and using ()3.40p . we end up with: 

||(Vg,n)|| N_,^^^2 < ||(VF,G)|| #-3+^+^ + ll(V(?o,«o)|| 4_i+.. 

It conclude the proof of the proposition. D 

Let us extend the result of the proposition 13.71 to the case where we include the pressure 
term inside of the linearized system. This is necessary when we are interested in dealing 
with the existence of global strong solution with small initial data. Indeed in this case 
it is very important to take into account the behavior in low frequencies of the density 
and in particular the pressure term which provides the behavior of the density in low 
frequencies. More precisely we will consider the following linear system: 

fa,g + divn = F, 

\dtu- aAu - feVdivn - cVAq + dVq = G, 

We now want to prove a priori estimates in Chemin-Lerner spaces for system (A^l) with 
the following hypotheses on a, b, c, d which are constant: 

< a < 00, < a + 6 < 00, < c < 00 and < d < 00. 

This system has also been studied by Danchin and Desjardins in [15] in the framework of 
Besov spaces of the type i?| ^ with s G M, the following proposition extends the results of 
|15j to the case of general Besov spaces i?| ^ with r G [1, +00] by using similar arguments. 
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Proposition 3.8 Let 1 < r < +00, s G M, and we assume that (qQ,UQ) belongs in 
B2^ ' ^ X {B2^j. ) . Furthermore we suppose that the source terms {F,G) are in 

Let {q,u) G (4(5|+^+''^+^+')nZ?>(5|,-'+^'^+^)) x (L^(i?|+^+VL-(i?J+^-'))^ 
be a solution of the system {Nl), then there exists a universal constant C such that for 
any T > 0; 

IklL _iv , , , , iv. , 2, , + |k|L 4v_, , , iv , , + llnlL ^+1+, + II^IL 4i._i+, 

< C(||go|| 4_i+.,4+. + hoW N+s + II^IL 4-i+.,4+. + l|G|| .„f-i+«J- 

Proof: It suffices to follow exactly the same lines as the proof of proposition 13.71 except 
that we have to consider the following /c;: 



I2 + c||Vg,|||2 + d\\qi\\l2 +2a Vqi • Uidx. 

Jrn 



;2 II ||2 

ki = \\ui\\l2 

Now choosing a suitably small , we deduce that: 

\kf < \\ui\\l, + c\\Vqi\\l2 + d\\qi\\l2 < ^kf. (3.42) 

By combining energy estimates in frequencies space, we show as in [Tl] that it exists 
c, C > such that: 

^±kf + c2'^kf < Ck{\\Gih2 + ||(VF,,F,)||^2). 

As in the proof of proposition 13.71 routine computations yield proposition 13.81 D 

We are now interested in studying the following system with fi > and k > 0: 
' 5j/i2 + divn2 — /iV In pi • V/i2 + U2 • V In pi = F, 

dtU2 — P^U2 — /uVdivn2 — kVA/i2 + K'Vh2 — 2^Vlnpi • Du2 — 2/iV/i2 • Dui 

+ ui • Vu2 + U2 • Vui - p^V(V Inpi • V/12) = G, 

{{h2{0,-),U2{0,-)) = {hlul). 

(3.43) 
Here (/i2i^2) are the unknowns, pi and ui corresponds to some functions defined in 
suitable Chemin Lerner Besov space L'^{Bp ^) that we will precise below in the proposition 
13.91 and -F, G are source term (we will also precise their regularity). In order to prove the 
theorem 1 1.31 we will need precise estimates on the solution (/i2,it2) of (|3.46|) in terms of 
Chemin Lerner Besov spaces, to do this we are going to prove the following proposition. 



,iV -, JV 



Proposition 3.9 Let {Hq^Uq) G i?2^i '^ ^ -^2^1 "^^^ ^^ assume that Inpi belongs in 

L°°(R+,52'i ' ' ) n Li(M+,52V ' ' ) and m in L°°(]R+,52\ ) n L^i^^^ ,B^^ ). 



22 



~ ~K — i E. ~ — — 1 

Furthermore {F, G) are in L^(R'^, B21 ' ^ ) x L^(M+, B^i )■ Let (/i2, U2) the solution of 

the linear system i3.46\ ) then it exists C > such that (/i2i^2) verify for any T > 0; 

||^2|L ~^+i ^+2 + ll^2|L N_-[ N + ||U2|L n; ,, + ||U2|L N_-i 

^^(^2^1 '^ ) ^T (-82^1 ■^) L}^iB^i ) L^iBZ ) 

< C(\\hl\\^N 1 N + ll-unll N + IIFIL ^N T N + IIGIL iv 1 ) 

xexpfc/ (lluill'^iv 1 + ||niP jv^i + llVlnpill"^ AT 1 + ||VlnpiP jv^i )(s)c^s ) . 

\ -^U ^2,00 ■02,00 ■°2,oo ^2,00 ^ 

(3.44) 

Remark 17 i!fere to simplify we consider directly M+ than (0, T) /or any T > 0, we 
would like to point out that in the proposition \3.9\ the main estimates ^3.44\ ) involves 
a control o/Vlnpi in L^ {R+ , B:^^^^^) n L^(R+ , B^^^^^) and of ui in La (R+, ^2^^^) p 

N__l 

L^ (R+ , i?2^oo ^ ) ■ -^2/ Minkowski inequality ( see h2.2&(l ) and since P is embedded in l°° 
for any p > 1, we know that for example: 

llVlnpill 4 jv , 1 N _i < llVlnpill 4 jv , 1 _ jv_i /„ -t-N 

L^(R+,B^^^)nL'iiR+,B:^^^) L3(R+,B^4+^)nL4{R+,B^4 5) (3.45J 

Of course when we assume that In Pi belongs in L°^{M.~^, B2 I ' ^ )nL^(M^,i?2^i '^ ); ^^ 

~4 — +- ' ~ a^i 

implies by interpolation that V In pi is in La (W'^, B^^^ ^)nL'^(]R+, i?^4 ^). In particular 

zi proves that with such assumptions we control the right hand side of the inequality 

m4\ ). 

Let us mention that since in the theorem \1.3\ we will have ui = —fiVlnpi with pi verifying 

a heat equation, in particular we could improve the condition on the initial data p\ = /ij+l 

N__2 K 

of theorem \1.3\ by assuming only h^ G i?2^i ^ ^o^ ^ ^°° '^''^^ Pq > c > 0. Indeed with 

such condition V In pi would verify exactly the quantity on the right hand side of ( [3.^5[ j 
which is sufficient to control the right hand side on J^.^^ j. 



In fact a more accurate proof of the proposition \3.9\ by using critical interpolation estimate 

jv_2 E. 

would show that h^ G B21 n -62^2-6 ^ ^°° (with e > Oj and Pq > c> is sufficient for 
the theorem \1.°A 

Proof: We observe that (/i2)^2) ai^e solution of the fohowing system: 

' 9f/i2 + divu2 = F{h2,U2), 

' dtU2 - pAu2 - /iVdivM2 - kVA/12 + KVh2 = G(/i2, U2), (2-^6) 

^{h2{0r),U2{0,-)) = Kul). 

with: 

F{h2,U2) = F + fiVlnpi ■ V/i2 - U2 ■ Vln/?!, 

G{h2 ,U2) = G + 2pV In pi • Du2 + 2pVh2 • Dui — ui ■ Vu2 — U2 • Vui 

+ p^V{Vlnpi-Vh2). 
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By applying the proposition 13.81 we have for any T > 0: 

||/i2lU -^.+1,^+2 + II^2|U 4-1.4 ~'~ II^2|U 4+1 + ll'^alU 4-1 

^t(^2.1 ' ) ^t(^2,1 ' ) ^t(^2,1 ) ^t(^2,1 ) 

< C^(ll^^ll~f -1,4 + ll-oll^4 + ll^(^^'^^)llzi (^f-^f ) + ll^(^^'"^)llzMB?,-)^- 

(3.47) 
We have only to deal with the right hand side of (|3.47|) . we have in particular: 

llVlnpi • V/i2|U -Af-i.Af = / ||Vlnpi • V/i2||_iv_;^_]v (s)ds, 

i-T 

< / (||V/i2|| N 1 iv,i||Vlnpi|| iv 1 (3-48) 

JU ^2,1 ^: 



^^2.00 



+ V/io N 3N 1 Vlnpi N,i)(s)ds. 

^2,1 ^2 



^2,oo 



By interpolation see the proposition 12.11 we have: 



3 1 

\yh2\\^N_3N_l <\\Vh2\\lN 2 AT J|V/12|I1jv iV,i, 
^2^1 ^ ^ ' ^2"^" ^^" ^Z' 

\Vh2\\ 4.1,4+1 < ||V/12||!^ 2^ J|V/l2||^iv ^+,. 



(3.49) 



' -°2,1 ■°2,1 

By combining (|3.49p . p.50p and Young inequality we have for any e > 0: 

llVlnpi • V/i2|L _iv 1 iv = / llVlnpi • V/i2|Liv -, jv (s)ds, 

^ / (l|V/i2riv , iv J|V/i2||''iv AT , , llVlnpill 4_i 

•^ u -02,1 -°2,1 2,00 



r'^ 



|V/i2||^4_2.4_J|V/i2||^4_4^J|Vln/5i|| 4+i)(s)ds. (3^5Q) 
-D2.1 ^2,1 2,00 



< / (2e||V/i2|L4.4+i+C,||Vln/5i| 

•'O ^2,1 



4 

N ill ^11 ~^_^ ^- 

-t'2,00 "2,1 



l||V/l2|L iV_2,iV_i 



4 

+ Ce||V/l2|L4_2,4_i||Vln/3iP ^ 1 )(s)(is. 



57"'^" B^+* 



^^2,00 



In a similar way by interpolation we have: 

||?i2 • Vlnpill N -. N = ||tt2-Vlnpi|| jv T N (s)ds, 

< / (llVlnpill iv 1 iv , 1 IIM2II N 1 + llVlnpill JV 3N i\\u2\\ N,i)(s)d. 

-'0 ■«2,oo -^(2,1 ^2,00 -^(2,1 



(3.51) 
3 1 

< / niVlnpill JV 1 AT I 1 IIM2II'' AT I|ii2|l'* 



rs-/ 



- viiv -rill 4-^.4+^11-^11 4_,ii".ii4+, 

-D2,<^ i<2,l -"2.1 



1 3 



+ l|Vlnpi||^4_3 4_i||u2rjv A\u2V N.,){s)ds, 
-62,00 B21 ^21 
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Applying Young inequality it yields: 

rT 

||u2 • Vlnpill^ -4-1.4 ^ / (2e||'W2|| 4+1 +C'e||Vlnpi||%_3 jv_i ||u2|| n_^ 



f {2e\\u2\\ N^,+Ce\\Vlnpi\\t 

Jo B21 B. 



^TV^2.1 I JO ^2,1 ^2 cx) 2,1 



2,cx) 
4 



+ C'e||'U2|| iV_i||Vln/>iP jv 1 iv , i)(s)(is. 

(3.52) 
Let us proceed in a similar way for ||G(/i2,U2)IU ^-1 ) ^^ ^^^ going only to treat only 

-'^t(-^2,1 ) 

two terms (the other one will be left to the reader). In a similar way, we have: 



||Vlnpi • Dn2||_ iv_j = / ||Vlnpi • Dn2|| N_j^{s)ds, 
< / (llVlnpill AT i||Dii2|| N i+||Vlnpi|| iv , 1 ||Z)u2|| n 3)(s)ds, 

^0 ^2,00 ^2,1 B^ B^^ 

(3.53) 



N 3 N 1^2 4-1 

-'2,00 



,^-2'^-5" "b^^' 



Jo B^^ B, 

+ C'£||u2|| iv_il|Vlnpipjv 1 N^i){s)ds. 

2.°° B^^^ 

and: 

||ni-Vu2lL Jv_, = / ||ui-Vu2ll N _Js)ds, 

L\{B^l') Jo B^, 

fT 4 

</ (2e||n2|| 4+1 +C£||ni||^ iv_i ||^i2|| N_^+Ce\\u2\\ iv_i ||miP at , )(s)ds. 

Jo B^, B,-2- ^ B^, B^, B7l^ 



"2,00 "2,1 "2,1 .02,00 



Finally combining (l?:i7D . ([S^H . (I?3^ . (1H35D and p3iD we obtain that for C > and 
e > small enough such that Ce < ^ that: 

||^2|L _w: ,, N.J + II/12IL w;_, n; + ||U2|L w. ,, + ||^t2|L ^_i 

^^(^2^1^^) ^??(S2^1 ^) ^^(^2^1) ^t(-B2^1 ) 



< C ||/in|| N 1 iv + llunll Af + 11-^11 N ,N +\\G\\ n , 

- y o"b2v^ ' bz %{b^~''^) "4(^2^1) 

fTf (3.55) 

+ I [e{\\u2\\^^,. + ll^2||^^^^j+,^+2^) + CS^A^^^^. + l|/.2||^^^.,^) 

44 \ 

X (lluill"^ N_i + ||niP ^^1 + llVlnpiP jv^i + llVlnpill'' jv_i) (s)d 

■°2,oo -"2,00 ■°2^oo -02,00 / 

By a bootstrap argument and the Gronwall lemma where we use the fact that: 

11^2(5)11 iv_i + ||/i2(s)IL4_i.4 < ||n2|U 4_i +||^2|U -4-1.4 

bZ Bl^ ^ L^iB^i ) Lf{Bl^ '^) 
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we get for C > large enough: 

^t(^2.1 ) ■^t(-^2,1 ) ^t(^2,1 ) ^t(^2,1 ) 

<C(\\hl\\__N iiV+||Uol| N+\\F\\__ __N ^N +||G|U N i) 

-°2,1 -°2,1 ^t\^2,1 ) ^Ty^2,l ) 

X exp( C / dlnill"^ N_i + ll^iiP iv_^i + llVlnpip ^ , + ||Vlnpi||^ N_i){s)ds ]. 

V -^U -"2,00 -02,00 ^2,00 ^2,00 / 

(3.56) 
It concludes the proof of the proposition 13.91 D 

3.2 Existence of local solutions for system (II. 5p 

We now are going to prove the existence of strong solutions in finite time with large 
initial data verifying the hypothesis of theorem 11.11 for the system (jl.Sp . More precisely 

JV i^ — 1 

we assume that {qo,UQ) belong in -62^00 ^ -^2^00 • 



Existence of solutions 

The existence part of the theorem is proved by an iterative method. We define a sequence 
{q^,vP') as follows: 

where {qltUl) stands for the solution of: 

fa,,, + div., = o, ^3^^^^ 

[dtUL - AuL - KV{AqL) = 0, 

supplemented with initial data: 

qiiO) = go , ul{0) = uq. 

Here A define the Lame operator Au = fiAu + (A + ^)Vdivti. Using the proposition 13. 7t 
we obtain the following estimates on {qL,UL) for all T > 0: 

qL G c([o,r],i?2%) n 4(^2% ) and ul g c([o,r],i?2% ) n L^riBiJ^ ). 

Setting {(p,vP) = (0,0) we now define {qn,Un) as the solution of the following system: 

' dtq^ + diY{u^) = Fn-i, 

(iVi) <^ dtUn - AUn - kV(A^") = Gn-1, 

, {qn,Un)t=0 = (0,0), 

where: 
Fn-i=-u^''-Vq^-\ 
Gn-i = - (u""^)*.Vu"-^ + 2//Vg"-i • Dn"-i + AVg"~i divn^-^ + ^V(|Vg"-^|2) 

-RVq^-K 
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1) First Step , Uniform Bound 

Let e be a small parameter and choose T small enough such that according to the 
proposition 13.71 we have: 

||'ul||_ n j^-^ + ||(7l||_ iv^2 — ^1 

II^lIU^ N^i +\\qL\\-.^ N <CAo, 

with ^0 = Ikoll N + II no II iv_, . We are going to show by induction that: 

^2,oo ^2,oo 

(Vn), ||(r,n")||f, <V^. 

for e small enough with: 

Ft = {C{[0,T],Bi^^)nLUBi^^')) x {C{[0,T],B,%') n LUB,'^^')f . 

As {(f,vP) = (0,0) the result is true for n = 0. We now suppose (Vn-i) (with n > 1) 
true and we are going to show (Vn)- Applying proposition 13.71 we have: 

||(r,n")||F, <C||(Vi^„_i,G„_i)|| ^_ (3.58) 

Bounding the right-hand side of ()3.58p may be done by applying proposition 12. 2|, lemma 
12.31 and corollary[2l We begin with treating the case of ||F„_i||~i ,„iv/2^, let us recall that: 

F„_i = -UL ■ Vql - -u"-^ • Vql - u^ ■ V(t~^ - v^-^ ■ Vg"-^ (3.59) 

We are going to bound each term of we have then: 



\'U'L ■ Vgillri /r>JV/2N < ll^iLlIri ^RJV/2+iJ|Q'L||roo,RiV/2- 



+ ki 71 ( r^N/2+2A\UL\\r^ ( r^N/2-1.. 
^Ty^2,oo ) ^T (,-^'2,00 I 



(3.60) 



Similarly we obtain: 

11., V7;T»i— 111 ^ IL, II II/t" — 1|| 

\\UL-^q rWRJV/2N S r"L TWRiV/2+lJ g 7oo/rJV/2n 



+ Vo I 4 N .1 kirl JV 1 , 

^T\^2.oo I ^t(^2.oo ) 



(3.61) 



-n — 1 V7„ II ^ \\;r,n — l 



lu"" •V(7l||7,i,r^/2^< l|n" 1U4_iV + lJ|VgL||^^^^^_l,^ 

(3.62) 






II II II —n—1 II 

+ 9i 71 (dN/2+2A\U h-^,„JV/2-l„ 

and: 

-n — 1 V7;7»l— 111 ^ IL-^™— 111 ll;7»i— 1| 



1 1 (3.63) 

I ~n — 1 — Ti — i 

+ l|9 II7I /RJV/2 + 2JP ll7oorRJV/2-l> 
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By using the previous inequalities ()3.60p . ()3.6ip . ()3.62p . ()3.63p . (Vn-i) and by interpola- 
tion, we obtain that for C > large enough: 

||i^n|l7wRiv/2. <CVF(4e^+\^(l + ^o)+£)- (3.64) 

Next we want to control ||G„||_ Jv_;^ . According to propositions I2.2i corollary [2] and 
\'S.7\ we have: 



'^^(^2"^^) L^iBi^^y "LUB^^^y 



~ II ^ ll73/R^ + 2-,ll ^ ll74|'RT-^^' 

< ll«" — l|l lU"— l|l 

^t(B2,oo ) ^t\B2,oo ) 

||Y7„n— 1 T")/!,"— l|l < IIT7«"^1|I IL,'^— l|l 

Vg ■ Uu I iv , ^: Vg I 4 n ,i \\u I jv i 'x p.<\ 

II ^ 71 rn^" ^ 7^i'r"2"+^\ 11741-0^-3-, (^o.DOj 

^T\B2.oa ) -'^Ti-t'2,00 ) ^TyB2,oo ) 

+ |k"-i|| 4 ^^1 llVg^-Ml N 1 , 

||Vg"-Mivu"-i|| iv , <||Vg"-i|| 4 N.i ||u"-i iv 1 

^^(S2^c:) mB^^^)' LUB^^^) 



+ ru _4 jv,i vg I JV 1 

II irH/R^+^-i II ^ ii74^R^-3 



||Vg"-i|U^ 4_, <r||g"-i 



^t(B2,oc, ) -^t(-^2.oo) 



Let us recall that we have by interpolation and the condition (Vn-i)'- 

'L^riB^:^) mB^-y LUB^:') 

Using (j3.58p . p.64p . ()3.65p and ()3.66p we obtain for a certain C > large enough: 



(3.66) 



\\{r,un\\FT < CV^iA'^e-^ + V^{1 + Ao) + e) + CiA'^e-^ + V^){A-^e-^ + V^) 

+ T{Ao + V^), 

< C^{A^e-i + 2Vi(l + ^0) + A^e~^ + A^e'^ + e) + T{Ao + ^). 

By choosing T and e small enough the property (Vn) is verified, so we have shown by 
induction that (g",n") is bounded in Ft- 

Second Step: Convergence of the sequence 

We will show that (g", u") is a Cauchy sequence in the Banach space Ft, hence converges 
to some (g, u) G Ft- Let: 

5g" = g"+l - g", 5u" = u"+l - u". 
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The system verified by {6q^,6u'^) reads: 

'ai,5g" + div,5n"=F,-F„_i, 

< dtdu'' - ^A(5u" - (A + ^)Vdiv(5n" - KVA5g" = G„ - G„_i, 
,5g"(0) = 0, <5n"(0) = 0, 

Applying propositions 13.71 we obtain: 

||((5g",5'u")||i.y < C{\\Fn - Fn-l\\j^i^^^N/2^ + \\Gn - Gn-l\\l,^^^N/2-l^). (3.67) 

Tedious calculus ensure that: 

Fn - F„„i = -5n"-i • Vg" - u^-' • V5(?"-\ 

+ AVg^div^^-u^-i + AV^g^-Miv-u^-i - KV5q'^-^ + V(Vg" • V^^g""^ + VJ^""^ • Vg""^), 

It remains only to estimate the terms on the right hand side of (|3.67|) by using the same 
type of estimates than in the previous section and the property (Vn)- More precisely we 
have via the proposition 12.21 and {Vn), it exists C > such that: 

\\Fn — Fn-l\\ji ,p^N/2, < \\Su'^'' ||_4 iV,i ||Vg"||_ N_i 



L¥{Bl-')" L^B^^') L},{B^^y L^iB^~ 

n—l\\ IL.n— 111 



(3.68) 

Ll{B^:^)'' \'^{B^-^) 

<C{Ale-i+Alel + ^e + e)\\{6q''-\6u''-^)\\F^. 
In a similar way we show that it exists C > large enough such that: 

(3.69) 



|G„-G„_i||~i,„^/2-i, <C(A|e4+^3^4+V^ + e + r)||(<5g"-\<5n"-i)||F^. 



By combining ()3.67p . ()3.68p and ()3.69p , we get for C > large enough: 

\\{5q'',5u'')\\F^<C{Ale-^+Alel + ^e + e + T)\\{6q^-\5u''-^)\\F^. 

It implies that choosing e and T small enough [q^ ,u^) is a Cauchy sequence in Ft which 
is a Banach. It provides that {q'^,u^) converges to {q,u) is in Ft- The verification that 
the limit (q, u) is solution of [NHVl) in the sense of distributions is a straightforward 
application of proposition 12. 2[ 

Third step: Uniqueness 

Now, we are going to prove the uniqueness of the solution in FpSuppose that (gi, «i) and 
(92)^^2) are solutions with the same initial conditions and belonging in Ft where {qi,ui) 
corresponds to the previous solution. We set: 

Sq = q2 — qi and 5u = U2 — ui. 
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We deduce that {6q, 6u) satisfy the fohowing system: 

' dt5q + div(5u = F2 — Fi, 

dt5u — iJ,A6u — (A + /i)Vdiv(5u — KV/S.5q = Gi — G2, 
^ Sq{0) = , <5n(0) = 0. 

We now apply proposition 13.71 to the previous system, and by using the same type of 
estimates than in the previous part, we show that: 

f7, L^T^iB^^') '" "LTi2(B?r) L^T^iB^^') \t,\B^J 

X \\{5q,5u)\\__N. 

We have then for Ti smaU enough: {Sq, 6u) = (0, 0) on [0, Ti] and by connectivity we 
finaUy conclude that: 

qi = q2, ui = U2 on [o,r]. 

D 

3.3 Global solution near equilibrium for system (11.51) 

We are now interested in proving the existence of global strong solution with small initial 
data for the system (jl.Sp . The main difference with the previous proof consists essentially 
in dealing with the behavior of the density in low frequencies, to do this we shall use the 
proposition 13.71 More precisely we are going to use a contracting mapping argument for 
the function %[) defined as follows: 

^('•"' = "'('--)*(*)+/*»'('-^'(Gta")) '^- <'^™' 

where W is the semi group associated to the linear system (A^l) with a = jjl, b = X + fi, 
c = K and d = K. The non linear terms -F, G are defined as follows: 

F{q,u) =-u-Vq, 

K (3-71) 

G{q,u) = - u.Vu + 2fiVq ■ Du + XdivuVq + -V(|Vgp). 

JV 

We are going to check that we can apply a fixed point theorem for the function ■0 in F 2 

N 

defined below, the proof is divided in two step the stability of ip for a ball -6(0, R) in E~ 

JV 

and the contraction property. We define E 2 by: 

AT ~ ~iV_-| JV _ ~JV I 1 iV , r, _ JV_-| _ JV , -I ., 

FT = (L-(i?2%'' ^ ) n L\Bi^^'^ - +')) X {L°^{B,%') n LHBl^')f. 

1) First step, stability of 5(0, i?): 

Let: 

ri=\\qo\\ N_,^^ + \\uo\\ N,. 
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We are going to show that ■0 maps the ball B{0,R) into itself if R is small enough. 
According to proposition 13.81 we have: 

\\W{t,-)*(^liy\^M<Crj. (3.72) 

According to the proposition 13.81 it implies also that: 

mq,u)\\^. < C(r? + \\Fiq,u)\\ .,^. + \\G{q,u)\\ . ). (3.73) 

\ 2,00 ' V 2, ex:: ' 

The main task consists in using the propositions 12.21 and corollary [2] to obtain estimates 
on 

\\Fiq,u)\\ N_,^N \\G{q,u)\\ n 



Let us first estimate ||F(5,u)||_ ^n^^^^n . According to proposition 12.21 we have: 



lu • Voll N , N < IIVqII . N 1 JV.l \\u\\ N 1 



^2,00 ' ^ »."2,oo 

+ Vol _iV 3 N 1 kil J iVil • 



(3.74) 



Let us now estimate ||G((7,ii)||_ n_-^ . Hence by proposition 12.21 it yields: 



'LHB,%') 

\u-\/u\\ N , 1^,\\u\\ A iV.l ||u|| JV 1 . 

^^^2^) "(^2^00^) LHB^~^) 



(3.75) 



, JV 1 JV I 1 JV I 1 



In the same way we have by proposition 12.21 and the fact that i?2^oo ^ ' ^ '^ ^^ -^2^00 ^ ' 



, JV 3 JV 1 



^2 00 ^ ' ^ ^ '^ -^2^00 ^ (s^^ ^^^ remark 13. 3p : 

llVo • Dnll JV -, < llVgll A JV 1 JV.l ||-Du|| jv 3 

L'iB^^) L^B^^-^-^^^f ''l^{B^-^) 



~4 



JV 1 



iVfldivnll JV -, < llVflll A JV 1 JV , 1 lldivnll jv 3 

V 2,00 ' v 2,00 ' ^ 2,00 ' 

+ llVglL _jv 3 JV 1 ||divu|L 4 jv 1 . 
LHB^~^-^~^) lhbT:-^) 



(3.76) 



It now remains only to deal with the capillary terms: 

iiv(iv,p)ii.^^^ <iiiv,ni ^ 

V 2.00 Z V Z.OG' 



llVglL 4 _jv 1 JV , 1 llVglL _JV 3 JV 1 . 



(3.77) 



JV_1 JV I 1 H-l-l ~J^_3 JV_j. Il_l 

2 2'2^"2 ^, R2^"2 „„J R2 2'2 2 ^, R2 2 



We have previously used the fact that B2^^' '^ '^ ^^ -^2^00 ^ ^'^'^ ^200^' ^ ^ ^^ -^2^00 • 

JV 

We are now going to assume that {q,u) belongs in the ball B[0,R) of E^ with R > 0. 
Combining the estimates (fSTTij) . (I3^ . (l3:76|) and (l3T71l we get: 

mq,u)\\^^<C{{C + l)7^ + Rf. (3.78) 
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By choosing R and r] small enough we have: 

C{{C + l)r] + R)^ <R. (3.79) 

N 

It implies that the ball B{O^R) of E^ is stable under tp^ indeed we have: 

i;{B{0,R))cB{0,R), 

2) Second step: Property of contraction 

We consider {qi,ui), ((72, ""2) in B{0,R) and we are interested in verifying that ^ is a 
contraction. According to the proposition 13.81 we have: 



(3.80) 



q2,U2)-'il^iqi,Ui)\\ N <C{\\F{q2,U2) - F{qi,ui)\\_ N N 

+ \\G{q2,U2)-G{qi,Ui)\\^ ^_ ). 

■^'(^2,00 ) 

We set: 

5q = q2 — qi and 5u = U2 — ui. 

We have: 

F{q2, U2) - F{qi,ui) = -5u ■ Vg2 - ui ■ V5q. 

G{q2,U2) — G{qi,ui) = —U2 • V5u — 5u • Vui + fj.Vq2 • D5u + fiV6q • Dui 
+ XVq2div6u + XVdqdivui + V(Vg2 • V5g + V6q • Vqi). 

Let us first estimate \\F{q2,U2) — F{qi,ui)\\__ _iv_j n . We have by proposition 12.21 and 
the remark : 

\\F{q2,U2) - Fiquui)\\ N^.^N < ||<5n|| 4 ^+1 HV^sH ^_3,^_i 



^T (■°2,oo ) -'^t(-°2,cx) ) ■^t(-°2,oo ) ^T (-°2,oo 



. . 2.00 . ^3_g^^ 

-I- I|V(5q|L 4 _iv 1 iv.i llnilL iv 1 



< C{2\\{q2,U2)\\M +2\\{quUi)\\M)\\{6q,6u)\\j,N. 



E^ "^ '"E^- 



Next, we have to bound ||G(g25^i2) — G((7i,ni)||_ jv_;^ . We treat only one typical term, 
the others are of the same form. 



- U2 • V5u — (5n • Vui L N -, < V5n L 4 jv 1 ^2 L n 1 

-t^ (.-tJj^^ ) ^t(B2,oo ) ^t(B2,oo 

+ ||V5n|L iv o ||n2|L AT,, -|-||Vni|L n \\Su\\_ n 



i??(S2"^oo ) ^^^2"^ ) L}^(B^^) L^iB^o^ ) 



+ \\6u\\ 4 iV , 1 IIVUlll JV 3 

^1(^2^0:^) L^B^^^) 



(3.82) 



< C{2\\{q2,n2)\\^N +2\\{q,,u,)\\^N)\\{6q,6u)\\j,N. 
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We can bound the other terms of \\G{q2,U2) — G{qi,ui)\\_ n _^ . in a similar way and 

this work is left to the reader. Finally by combining ()3.80p . ()3.8ip and ()3.82p we obtain 
for C > large enough: 

||V'(92,W2) -1p{qi.Ui)\\^N <C\\{5q,5u)\\^N (IKgi,^!)!!^^ + \\{q2,U2)\\^N\\^N). 

If one chooses R small enough such that RC < |, we end up with using the previous 
estimate which yields: 

||V'fe,n2) - ^{quUi)\\^N < - \\{6q,5u)\\^M. 

We thus have the property of contraction and so by the fixed point theorem, we have 
the existence of a global solution (g, u) to the system {NHVl). Indeed we can see easily 

N_ 

that E 2 is a Banach space. 

Concerning the uniqueness of this solution, it suffices to apply the arguments of the third 

step of the result of uniqueness in finite time (see the previous section). More precisely 

N 

if {q,u) is the previous solution and (gi,ui) an other solution in E~ then by setting 
6q = q — qi and 5u = u — ui we show that for T small enough: 

5q = and 5u = 0. 

on [0,T] and we conclude after by connectivity to get the uniqueness on M^. D 

3.4 Global solution near equilibrium for system (11.11) 

We are now interested in proving the existence of global strong solution for the original 
system (jl.ip . as explained in the remarka [2] the main difficulty consists in observing that 
a priori the system (jl.ip is not equivalent to the system (jl.Sp . Indeed we need at least to 
control the L°° norm on the density p and on the vacuum - in order to propagate on the 
density p the regularity proved in theorem 11.11 for the unknown q = \np. Furthermore 
we shall easily verify that with such regularity on (p, u) then (p, u) verify the system 
p.ip and is a unique solution of (jl.ip . To do this we are going to assume additional 

hypothesis on {qo,uo) since now {qo,uo) is in B22 '^ with qo = Inpo £ L°^ (this last 
condition implies in particular that po and — belong in L°°). 

The first part of the proof consists in getting L°° estimates for the linear system (N), 
and the second part consists in splitting the solution (q, u) under the following form: 

{q,u) = {qL,UL) + {q,u), 

with {qL,UL) solution of (A^) with F = G = and ((?l(0, •),ul(0, •) = {qo,uo)- The key 
points will be to show that qi is belonging in L'^{L°°) for any T > and that q is more 
regular that qi- More precisely by a regularizing effect on the third index of the Besov 

space we shall prove that q is in L^(i?2^i) for any T > with is embedded in L^{L°°). 
It will then be sufficient to deduce a control of Inp in L'^{L°°) and to propagate the 
regularity of q on p via the proposition | 
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3.4.1 Result of maximum principle type for the linear system {N) 

Let us start with studying the fohowing system: 

' dtq + divn = 0, 

< dtu - fiAu - (A + ^)Vdiv'u - nVAq = 0, (3.83) 

, (5(0,-),w(0,-)) = {qo,uo), 

with /i > and A + 2/i > 0. We are interesting in characterizing the Besov space in 
term of the semi group B{t) associated to the system ()3.83p . it shall be useful in order 
to obtain L°° estimates for q. More precisely we have the following proposition. 

Proposition 3.10 Let s be a positive real number and {p,r) £ [l,+oo]^. Let {q,u) the 
solution of ( 13. 83\) with {q,u){t) = e^^^\qo,uo) and with the following notation: 

(V(7,n)(t) = e^W(Vgo,no). 
Then there exists a constant C > which satisfies: 

II ||t^e^W(V(7o,no)||LP llL.(K+,f ) < C||(Vgo,no) 11^^-2. y{VqQ,uo) G B-^'. (3.84) 



Proof Apply operator A to the first equation of (j3.83p and operators div and curl to the 
second one; we obtain the following system with i/ = 2// + A: 

( dtAq + Adivn = 0, 

dfdivu — vAdivu — kA o = 0, 

^ ' (3.85) 

dfcurlu — ^Acurlti = 0, 

. {q{0,-),u{0,-)) = {qo,uo). 

We observe that the third equation is a heat equation and we know via lemma 2.4 p 54 
in [3] that it exists C, c > such that: 

||e''*^A,curlno||Lp < Ce"^2''^||A/curluo||Lp Vp € [l,+oo]. (3.86) 

Let us study now the following system: 

dtc + A« = 0, 

dtv - iiAv - kAc = 0, (3.87) 

(c(0,-),f(0,-)) = (co,^o). 

where c = Aq and v = divu. Denoting by U{t) the semi-group associated to ()3.87p . we 
deduce from Duhamel's formula that: 

dt(f'9.)=U{t)('' 
'\d{t,Oj ^'\uo 

We are now interested in proving estimate of the same form than ()3.86p for e '*^ (A/c, Aiv), 
and to do this we are going to prove the following lemma which is a direct consequence 
of the lemma 3 of |15] . For the sake of completeness we are going to recall its proof. 

34 



Lemma 1 For any p € [1, +00] and any t > we have: 

||e^W(A,co, A,t;o)||LP < C7e-^'"'"(''^)'''"*(||A,co||L. + ||A,«o||l.). (3.88) 

Proof: Simple calculus show that U{t) = e~^^ ' with: 



-\e 



M0-\ ,,.,2 ,,,.,2 



Following [15] we show that: 

. f /ii(i,. 

-Kh2{t,C) hiit,C)-^h2{t,0 



^_M(0 ^ g-^ f hiit,0 + ih2it,0 h2it,0 



with: 



h{t,0 = l, h2{t,0 = m^;if iy^ = AK. 

h,it,0 = cosiu'\C\h), h2{t,0 = !i^^(^^^,if u' > Ak. 



and u = \/\k — ^\. Let 93 defined as in the definition of Littlewood-Paley theory, then 
denoting aij(t,^) the coefficients of the matrix e~^^^' and: 

Let us show now that: 

\\A,{h,){t,.)h. < C7e-'='^-(i'^)2^'^*. (3.89) 

where c depends only on /x, k and c is a universal constant. We first remark that 
IWbijWii = \\hijg\\ii with: 



hi,,it,y) = i27r)-^ j e'y''^ai,it,2'^r]Mrj)di]. 



Let us observe that the functions hijg can be rewritten under the form: 



hg{t,x) = / e'y''f{2'^\xi\H)ip{0d^- (3.90) 

with / E C°°(M'''). By integration by parts and Leibniz' formula, we obtain for all 

i-ixrhgix) = J2C^) fe'^<d^f{2'i\xi\h)d''-^^{0dC (3.91) 

/3<a -^ 
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Next, from Faa-di-Bruno's formula, we deduce that: 

d^f{2'^\xi\H)= Y^ f^"'\2i\xi\H){2'^H)"'{Pif^^d^mxi\'^)). (3.92) 

71 H h7m=/3,|7i|>l 

Let us suppose first that i/^ > 4k. Then, we just have to prove that: 

WKWli < Ce"'^''"', (3.93) 

for f{u) = e'/^'"e-^"/2^ We have: 

SO that l/^^H"")! < (i^' + f)""e-^"/2_ Using ([3^]) . ([SMD, we prove the existence of 
constant Ca^p^m such that: 

l/3| 

|x'^/i,(x)| < E E C7«,/3,™(2^'t)'-e-^*2^V8. 

/J<Q m=l 

For any constant c < 1 and ?n, G N, there exists Cm such that u^e~^ < Cme~'^^- This 
clearly yields p.93p . 

When j/2 = 4^^ it suffices to verify (IHIMjl for /(n) = ne"''"/^ ^nd f{u) = e""''/'^. This 
is a direct consequence of (j3.92p and Leibniz' formula. When v'^ > 4k, we have to check 
(I3:93]l for: 



1/ / 4k 1 f/ x /^/ / 4k 

f{u) = exp(-(i + Y 1 ~ "j;2 )^) ^^'^ Jy'^) = ^^P( 2 (^ ~ V ""^ ~ ^''^)- 



Using again p.92p we have: 



\x-h,ix)\ < Cmax(e-^'^*'''(^+Vi-^),e-^''*'''(^-V^-^)) < Ce-(^)2^'* 

and we conclude to ()3.89p . 

We obtain finally by using (|3.89p and the Young inequality for the convolution: 

||e^W(A,co, A,^;o)||l. < Ce-^'"^"(^'^)'''^*(||A,co||L. + ||A,z;o||ip). 
It proves the lemma [TJ D 

Via the Bernstein lemma, the lemma [2^ p.86p and (j3.88p we obtain that V/ G Z: 

||e^W(A,V9o, A,no)||Lp < C7e-^°^^°(^'^)''''^*(||A;Vgo||Lp + IIAz^oIIlp). (3.94) 

According the estimate ()3.94p we have by setting V = {Vqo, uq) for c, C > 0: 

||t A;e V \\lp 1^ ^* ^ 6 Z ||Z\; K ||i;,p. 
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We are now going to adapt a criterion to define some Besov space in terms of tlie lieat 

kernel (see theorem 2.34 in |3]) to our case, it means to the semi-group B{t). 

Since V belongs in 5^ and the definition of the homogeneous Besov semi norm we have: 



\t e v ||lp S / II t ^^6 »^ IIlp) 



< O 1/ n-2s > I Z e Cn 7 

— II ll±ipr / > ''' 



where {cri)iez is a element of the unit sphere of r(Z). If r = +cxd, we easily show ()3.88p 
by using the following lemma (we left to the reader the proof of this last one). 

Lemma 1 For any s, we have: 

snpyt'2^''e-''^"' <+oo. 



Let us deal now with the case r < +oo, combining Holder's inequality with the weight 
22Zsg-ct2 g^^^ lemma [H we obtain: 

r"+00 J^ /•+00 Jj. 

«(- . „,,^,,,^ / ''^"^ ■»^2is -ct22' \r"'^ 

Crl) —, 



r+oo jj. /•+00 

/ f-\\e^^^)v\\l,- < C\\V\\L-,. / (yt^22'V 

Jo t B,^r J^ ^ 

f + OO 

<C||y||^_2. / (5]t^22'^e-^*22'r-n5]t^22'^e- 



fit 



ci22' r , 



<C||y 11^-2. / (y^f22'-e-^*2-^j-^)^ 






''^ lei 
Using Fubini's theorem and the change of variable u = ct2^ , we have: 

f °°.rs|| B(t)T/||r ^ < r'llT/ir \^ r'' f °° fSn2ls -ct2^' ^ 

J * lie >/|Ilp <^II^IIb--2^c,, / tie 

JO iGZ -^^ 

<CT(s)i|yir^_.., 

with r(s) = /p °° t*~^e~*(it. The proposition 13.101 is thus proved. D 

Let us prove now L°° estimate for the density solution q of the system ()3.83p . We 
recall that in the sequel q will correspond roughly speaking to In/), in particular L°° 
estimate on q shall also provide L°° estimate on p and ^. 

Proposition 3.11 Let qo G -62^2? "0 £ ^22" and qQ G L°°. Let {q,u) the solution of the 
system VS. 83\ then we have for all T > 0: 



sup {Vi\\{Vq,u){t,-)\\L^) < C\\{Vqo,Uo)\\ n_,. 

;g[o,t] 

\q\\l^{l^) < lko||L°° +C\\{Vqo,uo) 



*^[°'^1 ■''^"" (3.95) 



JV 

^2,2 
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Proof: The first estimate in ()3.95p is a direct application of the proposition 13.101 applied 

— -1 
to p = +00, r = +00, s = ^ and using the fact that B22 is embedded in B^^. 

Let £ the fundamental solution of the Laplacian operator, and we define the operator 

(A)^^ by the convolution operator (A)^^ f = £ * f with / G 5 (M ). By applying the 

operator (A)~^div to the second equation of (jS.SSp and using the fact that Ac = divu, 

we obtain the following system with c = (A)~^divu: 

dtq Aq = dtc, 

dtc — fiAc — nAq = 0. 
Let us prove that q belongs in L'^{L°°) for any T > 0; by Duhamel formula we have: 

q(t,x) = e'i^ qo / e**^ "'^^ dtc(s)ds. (3.96) 

^J'Jo 

By the maximum principle for the heat equation, we deduce that: 

lle^* g'o||L°°(L°°) < lko||L^{R^)- (3.97) 

Next we are going to consider L e~'^ ~^' dsc{s)ds, we recall that: 

e^(*-^)^5,c(s) = K{-^) *, ds{Ar'dwu{s, •), 
\/t - s 

= K{ rr—— ) *x {ds[{£ *xdiYu{s,-)]), 

X 



K{-j==) *x ([^ di£ *r, dsUi{s, •)]) , 

i 

Y.{Ki-^).xd.£).xdMs,-)]), (3gg) 

^ {di[K{-^=^)] *x £) *x dsUi{s, •) 

i 

^di[K{-^=^)] *^ {£ *xdsUi{s,-)) 

i 

V94K(-=^)] *,. {A)-'dsUiis,-), 
. Vt-s 



with *x the convolution in space and setting ^ = -: 

,^, X . 1 _l£li 

V t {4:TTfJ,tj 2 

We deduce that: 



\/t - s 



-2xi 




I 


|.|2 




4,p.(t-s) 


N 


(Afiit 


-s))f-^' 
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We easily check by a change of variable u = , ^ that: 

||5.[K(^==)]||li < ^ 



V* — s ^Jt — s 

Then by Young's inequality we have for < s < t: 

\\di[K{^^)] *, (A)-i5,ni(s,-)||L- < -^=^ sup V^||(A)-ia,u(s)||L.o (3.99) 

\/t- S \/t-S^/S 0<s« 

with C > 0. By applying the operator (A)^^ to the second equation of (|3.83p we show 
that: 

dt{Ar^u = fiu + KVq. (3.100) 

We conclude as follows by using ()3.98p . ()3.99p and ()3.100p . then there exists C > such 
that: 

eM^*"''-' dsc{s)ds\\ LOO (LOO) < ( sup ^/s\\A~^^su{s)\\Lo^) / , —^ds, 

0<s<t Jo Vt- S ^S 

< vr sup ^/s\\fiu{s,-) + K\Jq{s,-)\\L^, (3.101) 

0<s<t 

< Cvr sup Vs||(w(s,-),Vq(s,-))||l«>- 

0<s<i 



because: 

/■* 1 1 

ids = vr. 



*^ l_ 

V* - s \/s' 

By using the first estimate in (|3.95p we deduce that by using (|3.10ip and (|3.97p we obtain 
that for any T > 0, it exists C > 0: 

lk||L5?(L°°) < Ikolli-' +C\\{VqQ,uo)\\ N_^. 

^2,2 

It achieves the proof of the proposition 13.951 D 

3.4.2 The unique solution of ([US]) verifies p € L^{L^) 
Regularizing effect on the third index of the Besov spaces 

Let us start by recalling that we are concerned now with initial data such that ((/Oj^o) 

JV i^ — 1 

belong in (-62^2 ^ i°°) x -62^2 • This additional regularity assumptions on the initial 
data will be crucial in order to prove L°° estimates on ln/>. We are going to begin with 
proving additional regularity assumption on the solution [q, u) of the system (jl.Sp which 
verify [q, u) £ E with E defined as follows: 

i?= (L~(M+,i?2%''^)nLi(M+,i?2^^'-+') X {L^{R+,B,%')nL\W^,B,-^^')f. 

Indeed we are interested in splitting the unique solution (q, u) constructed in the subsec- 
tion 13.31 as the following sum: 

{q,u) = {qL,UL) + {q,u). 
39 



with (qljUl) the solution of the system (A^l) with F = G = Oa = fi, b = X + fi, c = k, 
d = K and with initial data (ln/9o,Mo)- Compared with the subsection 13.31 we are going 
to show that the remainder term {q,u) is more regular than {qL,UL) and is in the space 
F defined as follows: 



,iV T N 



This type of regularizing effect on the remainder {q, u) in term of the third index on the 
Besov spaces has been observed for the first time by Cannone and Planchon in [8] for the 
incompressible Navier-Stokes equations. We are going to use similar ideas in your case 
than [S], to do this let us use the proposition 13.81 which ensures: 



\Ql\\^ 4v._i n + Ql U M-+1 M-+2 + Fi ~ M--1 

+ \\uLh_ , JV1+, < ||golLiv„l.^: + ||no| 



(3.102) 



N _ 



As in the subsection 13.31 we know that [q, u) verify the following system: 

dtq + divn = F{q, u) , 

dtu - fiAu - (A + ^)Vdivii - kVA^ + KVq = G{q, u), (3.103) 

[{q,u){0,-) = {0,0), 

with: 

Fiq,u) = -u-Vq, 

G{q,u) = -n- Vu + 2^Vg-Dn + AdivuVg + ^V(|Vgp). 

We are going to apply the proposition 13.81 to {q,u), it implies that: 

\\q\\~ -'^--t -'v "i~ \\q\\~ --'v-t-i '^-1-9 ~i" K^ ~ -'V-I + K^ ~ -'V-H 

< \\F{q,u)\\ __._,^M + \\G{q,u)\\ n 

Li(R+,_B2^ ^) L^{R+,B^^ ) 

It remains only to bound the terms F(q, u) and G{q, u) on the right hand side of ()3.104p . 
Let us start with F(g, n)and u ■ Vg which that we rewrite under the following form: 

u ■ Vq = u ■ Vq + ul ■ Vq + ul • VqL. 

According to proposition 12.21 we have: 

lln • Vflll iv , iv < llVoll 4 jv 1 jv , 1 \\u\\ N 1 + llVgll jv 3 iv i 

^Ty^2,l ) ^t(^2,oo ) ^t\^2,1 I ^T\^2,oo ) 

X llnlL 4 N ,1 , 
II^L • Vgll N < llVglL 4 _iv iN.i \\ul\\^ n 1 + llVglL _iv 3 iv 1 

X II^^lIL* N.i , 

ll^tL • V(7l||_ jv < ||VgL||_4 _iv_iiv^i \\ul\\^ iv_i + ||V(7l||_ ^n_3N_i 



X ||ni||_4 jv_,_i . 

-^t(-^2,2 ) 

(3.105) 
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Let us deal now with the term G{q, u) and in particular the term u ■ Vn, we have then: 

u ■ Vu = u ■ Vu + ul ■ Vu + ul • Vul- 
We have then by proposition 12.21 



||n-Vu|L jv_, < llnlL jv_i llVnlL jv + llVulL n _, llnlL n 
llui • V-ull N _-, ^\\ul\\^ n _, llVnlL N + llV-ulL iv_, ll^tLlL N 

L},{B^, ) L--{B^^ ) L^B^,) L\B^^ ) L^{B^^) 

IKl-Vul|U 4-1 ^ IkilU #-1 llVuill^ N +\\Vul\\^ 4_i ll^iilU 4- 

L},{B^, ) L^iB^ ) LHB^,) LHB^, ')" " LHB^,) 

(3.106) 
We can proceed similarly for the terms Vq ■ Du and divit Vg. Let us treat the last term 
V|Vgp we have then: 

|Vg|2 = Vq-Vq + Vq- VqL + IV^lJ^. 

By proposition 12.21 we get: 

l|V(|Vgp)|U N <\\\Vq\'\l . 

ll|V^iPll~ ^-1 ^ 11^9^11-4 iv_^i ||VgL|U JV_1 , 

-^t(-^2,1 ) ^Ti^2,2 ) ^t(^2,2 ) 

l|Vg-Vg|U N 1 < ||Vg|U4 N.i ||Vg|U N 1 +||Vg|L 4 iv,i ||Vg|U n i , 

(3.107) 
By collecting the estimates (|3.105|) . (j3.106p and (|3.107|) and by interpolation we obtain 
that it exists C > such that: 

II^IL N _-. N + ||o|L JV ,-, JV ,, + ||n|L JV_i + ||u|L JV ,1 

L^(R+,B^^ nSj^i) L^{R+,B^^ ^B^^ ) L^{R+,B^-^ ) L^{R+,B^j^^ ) 

< C(||nL|L JV 1 + llgLlL JV 1 JV + IImlIL jv ,1 + llflLlL JV4.1 JV ,, 

+ IklL JV -, + IklL JV , JV + ||u|L JV ,, + IklL JV ,, JV ,, ) 

X (II9IL jv_i JV + llglL JV ,, JV ,, + ||n|L jv_i + llulL JV ,1 ) 

+ C(||ml|L JV -1 + IkLlL JV -I JV + IIulIL jv,, + IkLlL jv,, jv ,0 ) . 

(3.108) 
Let us recall that via the first part of the theorem 11.11 and the proposition 13.81 (see the 
proof in the subsection 13. 3p we have for a C > and Af > large enough: 

II'UlIL jv 1 + llgLlL JV -, JV + IIulIL JV^i + llgLlL JV , , JV ,, < Ceq. 

V 2,00 '' V J,cxz) / V 2,00 / V 2,00 / 

II^^IL JV 1 + IklL JV , JV + llnlL JV , 1 + llolL JV , 1 JV ,, < Men, 

L^i.Bj-') '^\^iB^^''^) LHB^^') '^\-'{B^^'-^^')- 

with: 

£0 = IkolL^-i^ + ll^toll 4-1- (3.109) 

^2 00 -82:00 
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By choosing eq small enough we can apply a bootstrap argument in ()3.108p which implies 
that it exists C > such that 

IIqIL n _, N + lloll JV4.1 jv ,, + ||u|L iv„i + l|w|L iv ,, 



<C'(||ul|| _iv_i +||gL|U ,„iv_i,iv +lkL|U,_iv+i +lkL|U 



iV , 1 iV 



^2 



l,4f+2. 



(3.110) 
It proves finally that {q, u) is in F and achieves this subsection. 



q is bounded in L5?(L°°(M^)) for any T > 

In order to show that q is bounded in L!|?(L°°(]R )) for any T > we shall use the 
proposition 13.951 Indeed we have seen in the previous subsection that: 

{q,u) = {qL,UL) + {q,u), 

with [qLtUL) solution of the system (A^l) with F = G = Oa = ;U, 6 = A + /x, c = k, 
d = K and with initial data (ln/9o,uo). In particular it implies via the definition of the 
semi group B{t) in the proposition 13.101 and the Duhamel formula that: 

{qL{t),UL{t)) = e^W((Zo,no) + f e''^'~'\0,KVqL){s)ds. 



By using propositions I3.7[ 13.951 and the embedding of B21 in L°° we deduce that for any 
T > it exists C > independent on T such that (here [-Ji defines the first coordinate 
of the vector field): 

IkLllL-(L-) < \\[e''^'HQo,uoML^{L^) + \\[[ e^(*-^)(0,i^V(7L)(s)ds]i|U^ n , 

Jo L9, 



L^(B,l) 



< C{\\ InpoU^ + ||(Vgo,no)|| n_, + {{VqiL 



BI2 L}^iB^,' ) 



(3.111) 
From proposition 13. 8^ we know that it exists C > such that: 

Let us deal now with the term ||Vg2,||_ jv_;^ on the right hand side of ()3.11ip . we have 

^t(^2,1 ) 

by interpolation for a constant C > 0: 

Wqiim N <C\\qL{tW^ ML{t)\K^,. 

^2 1 ^2^2 ^2^2 

It implies that by Holder's inequality and ()2.25p that it exists C, Ci > large enough 
such that: 



\qL{t)\\ ^ N < cWqiV N , hi 



■^Hfi2?i) L},{B^,-') L^riBZ ) 



^TV-"2,2 ) -^TV-"2,2 

<CTi||(?i|p^ N_,\\qL\\\ N^,, (3.113) 

< Cir4(||go|L^_i,^ + llnolL ^_J. 

-°2.2 -°2,2 
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Combining ()3.11ip and ()3.113p we get: 

IkLllL-(L-) < ll[e''^*H'Zo,«o)]i||L-{L-) + l|[y" e'"''-'\0,KVqL){s)ds 



1 ~ 4- > 

l^(b:^i) 

3 

<C{\\lnpo\\L^ + \\{VqQ,UQ)\\ N_-,+CiT^{\\qo\\^N_-,N+\\uQ\\ n_ ' 

D z r> z 2 



■ G I ' ■■■-■■ n Z '• 2 " R^~ 

-°2,2 ^2,2 ^2,2 



(3.114) 
We have then proved that ql belongs in Lf^^{L°^). Since we have seen that (q, u) is in F, 

it implies in particular that q belongs in L°°{B2i) which is embedded in L°^{L°°). We 
deduce that q = Ql + Q belongs in L'^^[L°°). 

It remains only to prove that (p, u) = (exp(g),u) is a global strong solution of (|1.1|) and 
we define h = exp(q') — 1 with p = 1 + h. By proposition 12.31 and the fact that p and - 
belong in L^^{L°°) we easily show that h is for any T > in: 

^2 '-' 2\r^ rL(n 2 +-^' 2+^\ 



HT={Lf{B,^^^ '^riLUBi 



oo 



With such regularity on h and u, the verification that (p, u) is a solution of (|1.1|) in the 
sense of distribution is a straightforward application of propositions 12.21 and 12.31 The 
uniqueness follows also the same line than in the proof of subsection 13. 2i D 

3.5 Proof of the theorem 11.21 

In the theorem ll.2l we are interested in extending the results of theorem 1 1.1 1 to the case of 
general pressure P and also to the case of constant viscosity and capillary coefficients. It 
implies in particular that the eulerian form of the system 11.11 does not only depend on the 

unknown q = Inp. Typically the pressure term — is non linear in terms of g = In p, 

that is why we need to control the L°° norm of the density in order to estimate this term 
in Besov space, indeed otherwise we could have a loss of regularity on this term. For 
this reason it seems impossible to hope a result of global strong solution involving only 
a smallness hypothesis on WqoW n and ||ito|| n _, as it is the case under some specific 

^2. oo ^2,oc 

physical condition in the theorem ll.il 

We are going now to explain how to adapt the previous arguments of the proof of theorem 

ll.ll to this new situation. We are only dealing with the case p{p) = p, X{p) = A, k{p) = k 

and P a regular function such that P (1) > 0, here p > 2p + X > and k > (the other 

case are similar to treat). The svstem fTTj is equivalent to the following system where we 

set in this section p = 1 + h. Let us mention that in this case a straighforward calculus 

gives: 

divK = upVAp. 

We can then rewrite the system (jl.ip as follows: 

dth + divn = F{h, u), 

dtu - pAu -{p + A)Vdivn + F'(1)V/i - kVA/i = G(/i, n), (3.115) 

{h,u) t=o = {ho,uo), 
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with F'{p) = ^ and: 

F{h, u) = —u ■ V/i — hdivu, 

II u + \ (3.116) 

Gih, u) = (F (1) - F (p))Vh + (-- fi)Au + (^^- fi- XWdiYu -u-Vu. ' 

P P 

Let {hi^UL) the solution of (A^l) with a = fi, b = X + fi, c = k, d = P (1), F = G = 
and the initial data (/io,uo)- In the sequel we will consider solution under the form: 

(/i,n) = {hL,UL) + (h,u). 

In order to prove theorem 11.21 we shall use a fixed point theorem, more precisely we are 
going to consider the following functional: 

*ft,i) = ^*vF(«-,,)(^(;;;;;J)d,. (3,117) 

W{t) is the semi group associated to (A^l) with the following conditions a = fi, b = X + p, 
c = K, d = P (1). The proof is divided in two step the stability of Tp for a ball -6(0, R) in 

JV N_ 

E 2 defined below and the contraction property. We consider E 2 defined as follows: 

TV ~ ~!L — ^ H ~ ~K-L^ Jlo-O ~ K — ^ ~ Il^^ at 

E- = (L°°(i?2^r ' ) n L\Bl^'^ - +')) X (L-(i?2^r ) n L\Bl^')Y. 

1) First step, stability of B(0,i?): 

By using the proposition 13.81 we have: for C > 0: 



^t(^2,2 ) -^t(-^2,2 ) -^t(-^2,2 ) ^t(^2,2 ) 

<C{\\ho\\^N_^N + \\U0\\ N_^). 

^2,2 



(3.118) 



By combining the proposition 13. 95l and l3. 81 we have for any T > and C > independent 
onT: 

II^/||l2?(l°°) < C'dl^olli"" ++||/io|| N^2 + \\uo\\^N-2)- (3.119) 

-62,1 ^2,1 

Remark 18 Let us mention that the condition (/io,iio) £ ^2^1 ^ (-^2^1 )^ plays only 
a role in the previous estimate i3.119\) in order to bound the term, P (1)V/il that we 
consider as a remainder term for the system (N). Indeed we are interested in applying 
proposition \3.95\ and the Duhamel formula. It would be possible to avoid this additional 
regularity by extending the proposition \3.95\ to the system (Nl). 

It remains only to apply the proposition 13.81 in order to get a priori estimates on {h,u), 
indeed we have for C > 0: 

mh,u)\\^^<C{\\F{h,u)\\ M_,^M +\\Gih,u)\\ m_,,m). (3.120) 
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By applying proposition 12.21 and lemma [2T3l (indeed we have seen via the estimate ()3.118p 

and the fact that h is in L°°{B2i) that h belongs in L°° and p = 1 + h > c > 0) we have 
as in ()3.108p for a function C > 0: 



iV , 1 N_ 



||V'(^,^)ILf < C(||/i||l-) IIulII n., +\\hL\\ ^N^,N+\\hL\\N+, 

+ ||/iL|U^, N+lN+2+\W\\~ , 4-1 +||/i|U ^ 4_i,4 + ||U|U 4 + 1 +||/i|U , -+1.4f+2 - 

X (II^IL ^_i jv + ||/i|L iv ,1 iv ,, + llulL iv_i + ll'ulL iv ,1 ) 

L°°{R+,B2"2"^ ■^) Li(K+>-B2y ^^ ) L°°(R+,B2"^i ) L^{^'^ ,bJ^ ) 

"l-(B2^2 ) i°°(S2?2 ^^) ^^^^2^ ) ^-(SaV ^^+ ) 

(3.121) 
We set 

£0 ^ "0 ~JV 1 N + Un N -I + /in L°° + "0 iV + kin iV ,. (3.122) 

u II uii~-2--l,^ II uii ^-1 II uii^ II uii -2--2 II uii -^-2 V / 

^2,2 -°2,oo ^2,1 ^2,1 

By choosing K = Meq with M > 2, it suffices to choose Eq small enough such that ()3.12ip 
ensures that: 

mh,u)\\^N <R. 

The proof of the contraction follows the same lines as in the proof of the theorem 11.11 
and is left to the reader. It achieves the proof of the theorem 11.21 D 

4 Proof of the theorem 11.31 

We are now interested in proving the theorem 11.31 where we assume that k{p) = — , 
//(p) = pp and A(p) = 0. We have observed that it exists quasi solution, it means a 
solution of the form (pi, —pVlnpi) with: 

J dtpi - pApi = 0, 
\ (pi)t=o = (Pi)o- 

This quasi solution (pi, —pVlnpi) verifies the following system: 

( d 

—p + div(pn) = 0, 

— {pu) + div{pu(g)u) - div(2//pD(u)) - p^pVAlnp- ^V(|Vlnpp) = 0, 

_ {p,u)t=o = ((pi)o,-pVln(pi)o). 

(4.123) 
We are now interested in working around this quasi solution, more precisely we search 
global solution of (jl.ip under the form: 

g = Inp = Inpi + /i2 with pi = 1 + hi and u = —pVlnpi + U2. 
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We deduce from (jl.lip that {h2-,U2) verifies the following system: 
' dth2 + divu2 - /iVlnpi • V/i2 + ^2 • Vlnpi = F{h2,U2), 

dtU2 — /^Ati2 — /iVdivu2 — kVA/i2 + K'Vh2 — 2//V Inpi ■ Du2 — 2^V/i2 • Dui 

+ ui ■ Vu2 + U2 ■ Vui - ^^V(Vlnpi • V/i2) = G{h2,U2), 

{ih2iO,-),U2iO,-)) = ihlul). 

(4.124) 
with: 

F{h2,U2) = -U2 ■ V/l2, 

2 (4.125) 

G{h2,U2) = -U2 ■ Vu2 + 2/iV/i2 • Du2 - KVlnpi + ^V(|V/i2p). 

We have now to solve the previous system (|4.124p and to do this we are going to apply 
a fixed point theorem. We start with defining the following map t/': 



(4.126) 



*(.,„) =H',(v)*(;:i)+/v,(t-.)(;:|;:;:|)rf.. 

where Wi is the semi group associated to the following linear system (|4.127p : 
' dth2 + divu2 — /uV In pi ■ V/i2 + ^2 • V In pi = 0, 

dtU2 — /xAtt2 — pVdivu2 — kVA/i2 + KVh2 — 2pV Inpi • Du2 — 2/iV/i2 • Dui 

+ ui ■ Vu2 + U2 • Vni - /i^V(V In pi • V/12) = 0. 

{{h2{0,-),U2iO,-)) = ihlul). 

(4.127) 
The non linear terms F, G are defined in ()4.125p . We are going to check that we can apply 
a fixed point theorem for the function ip, the proof is divided in two step the stability of 
ip for a ball B{0, R) in £"2" and the contraction property. We define now E^ by: 

E- = (L-(i?2^r ^ ) n LHS2A ' )) X {L'^iHi ) n ^'(^2^1 )) 

1) First step, stability of fi(0,i?): 
Let: 

llr.2|i I II 2|| 

; II uil~^-l,^ II Ull -2--I 

-°2,oo -°2,oo 

We are going to show that ip maps the ball -6(0, R) into itself if R is small enough. By 
using the proposition 13.91 we have: 

mh,u)\\^^ < C{v + \\F{h,u)\\ N_,,N + \\G{h,u)\\ j^ ) 

-^t' 2,1 ) ^T^ 2,1 ' 



4 4 4 



X exp C / {\\ui\\^ N_i + \\ui\\^ N.i + llVlnpiP jv, 1 + l|Vlnpi||% i)(s)ds . 

(4.128) 



-°2,oo -"2,00 -t*2,oo -tfj^^ 
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The main task consists in using the propositions 12.21 and coroUary [2] to obtain estimates 



on 



Let us first estimate ||F(/i,u)|L ~jv_, n . According to proposition 12.21 we have: 



|m • V/l|L ^N ^ N < ||V/l|L . _JV 1 N ,1 llnlL N 1 

+ V/ll _iV_3 iV_l Ul 4 JV.l . 



(4.129) 



Similarly for II G(/i, n) II _ jv-^ we have: 



L^B^, ) 



|ti • Vu|L N _, < ||ti|L 4 iV.l ||Vu|L N_3 



+ l|ii|L N _i ||Vn|L 4 jv_i . 



(4.130) 



The most important term is certainly KVlnpi which belongs in L {B21 ) since we have 

——2 

assume that In p^ belongs in B21 H L°° and the fact that pi verifies a heat equation 
()1.13p . Using propositions [221 [23] and the maximum principle it exists a regular function 
g such that: 

llVlnpill jv -, <||lnpi|| AT , 

<5(ll(pi,— )I|l-)||/ii|| f , (4.131) 

<5(ll(p?,^)l|L^)l|/i?ll --.. 
Pi ^2,1 

We deal with the others terms in a similar way and combining (j4.128p . (|4.129p . (j4.130p 
and ()4.13ip we obtain for a C > large enough and using the fact that (/i, u) is in the 

AT 

bah 5(0, i?) oiE^: 

||V(/i,n)||^^<C(77 + ii' + <7(ll(p?,^)l|L-)||/i?|| 4_2) 

Pi ^2,1 

X exp C / (ll^ill^ N 1 + ll-uiP jv_^i + llVlnpiP jv_^i + llVlnpip ^ ,)(s)ds 

\ ./JK+ ±(2,00 -«2,oo -^^2,00 ■t'2.00 

(4.132) 
Let us recall that pi verifies a heat equation ()1.13p . we deduce from propositions 12.51 and 
the maximum principle that it exists a regular function gi such that: 

r i i i 

/ (ll^^ill^Jv 1 + ll^iPiv^i + llVlnpiP jv_,i + ||Vln/)iP jv_,i)(s)'^s 



Oil 

N 



2,00 -°2,oo -°2,cx) -°2,oo 

<5l(ll(p?,^)l|Lo«)l|/i?il ^ 

Pi ^2,1 
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(4.133) 



From ()4.133p we deduce that for a C large enough we have: 

5(II(p?,4j)IU-)II^?II 4-. xexpfc/ (||ni||% , +||ni||^. 



4 



+ ||Vhipi||%^i +||VlnpiP^^i)(s)ds (4.134) 



■°2.oo 



P\ ^2,1 P\ ^2,1 

In particular it implies that: 

C / (||ui||^iv 1 + ll-uiP iv^i + llVlnpiP jvj^i + llVlnpiP jv_^i)(s)rfs 

<Cr?exp(C5i(||(p?,^)||L^)||/i?|| n). 
Pi ^2,1 

(4.135) 

Let us prove now the stability of the functional ip, from label ()4.132p let us choose: 

R = ACr^eMCgi{\\{p\:\)\\L^)\\h\\\ n). (4.136) 

Pi ^2,1 

and suppose that: 

9{\\{Pi,^)\\L^)\\h^ N_,<Crj. (4.137) 

Pi ^5 



2,1 



Now combining (|4.132p . (|4.136p and (|4.137p it yields: 

mh,u)\\ M<2CveMCgMpl^)\\L^)\\h^ N) + CR^eMC9i{\\{p'i,^)\\L^)\\h'l\\ n, 

Pi ^2.1 Pi B^^ 

(4.138) 
From ()4.138p we need to assume that: 

R^ <2Cr^eMCgi{\\{pl\)\\L^)\K\\ n). (4.139) 

Pi ^2^1 

Indeed combining (|4.139p . (|4.138p and (|4.136p shows that: 

mKu)\\^M<R. (4.140) 

This concludes the proof of the stability except that it remains to choose r] and to verify 
that it implies the condition 11.161 of theorem 11.31 The condition 14.1391 via ()4.136p is 
equivalent to: 



16CVexp(2C5i(||(p;,^)||L-)||/i?|| n) <2Cr^eMCgi{\\{pl\)\\L^)\\h\\\ n). 

Pi b^ p\ b^, 

(4.141) 
and: 

8Cryexp(C5i(||(p?,^)||L-)||/i?|| n)<1. (4.142) 

Pi -^2 1 
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From ()4.137p let us choose: 

^ = ;^5(ll(/^?,^)l|L^)l|/i?ll --. (4.143) 

The condition ()4.142p imphes by using ()4.143p that: 

89{\\{pl^)\\L-m\\ ^_,exp(C5i(||(p?,^)||L-)||/i?|| ^)<1. (4.144) 

Pi B^i Pi Hi 

Let us point out that this condition corresponds exactly to the condition (|1.16p of the 
theorem 11.31 It concludes the proof of the stability of the functional ip. Let us prove now 
some contraction properties of the functional V'- 

2) Second step, contraction properties: 

Consider two element (/i, u) and (/i , u ) in i?(0, i?), according to proposition 13.91 we have: 

||V'(/i,n)-V'(/i\n')|| 4<C(||F(/i,n)-F(/.\n')|| ^^,,4 +||G(/i,n)-G(/.',n')|| 4_ ) 
xexpfc / (lluill^iv 1 +lkiPiv_,i + llVlnpiP jv_,i + IN^t^'^PiV n ^i){s)ds] . 

\ JK.+ -Ha.oo -«2,oo -^^2,(30 -^^2,00 ■' 

(4.145) 
Let us deal with the term ||-F(/i, u) — F{h ,u)\\_ ^n ^^^ n , we have then by proposition 

-^t(^2,1 ) 

and by denoting 5h = h — h and 6u = u — u : 



\\F{h ,u)-F{h,u)\\^ N_,N < \\6u\\__4 4+1 l|V/i II 4_3 ^:_l 



+ \\5u\\ N ^ \\Vh N JV , -, + \\u\\ iV , -, V(5/l iV , AT , 

^T (^2,oo ) ^T\^2,oo ) ^Ty^2.ac > ^T ^^2,00 > ( A -] Af]) 

+ V5/l I 4 _]V 1 AT , 1 U I AT 1 



■i|(B2^oo"^'^^) i^(B2^oo"') 



<C(2||(/i,^)|L ^+2||(/i',n')|L ^)||(5/i,5n)||^^. 



We proceed similarly for the term \\G{h,u) — G{h ,u )||_ iv_j (let us mention only 

^t(B2,i ) 
that the delicate term KVlnpi disappears by the subtraction). We get finally for a 
C > large enough by using (|4.133p : 

||V(/i,n)-V(/i',^')||^4<C7(2||(/i,n)||^^+2||(/i',n')||^^)||(5^H||^^ 
X expf C / (||ui||^ N 1 + ll-uiP jv_^i + ||Vln,9iP jv_^i + l|VlnpiP ^ A{s)ds], 

<4Ci?exp(C5i(||(p?,^)||L-)||/i;il N))\\{6h,6u)\\^^, 
Pi B2 



(4.147) 
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From ()4.136p and ()4.143p we have with Clarge enough: 

4Ci?exp(C<7i(||(p?,^)||L-)||/i?|| n)) =16Cvexp{CgMPi,^)\\L^)\\h'i\\ f)) 
= lQCg{\\{pl^)U^)\\h\\\ 4.,exp(C5i(||(p?,^)||L^)||/i?|| .)). 



Pi ^-bZ" ' pT" '" 'b:^ 



2,1 



In particular we ensure the contraction property via ()4.147p if: 



(4.148) 



4Ci?exp(C5i(||(p?,4j)lli-)ll^?ll ^))^\- (4-149) 

Pi -^2,1 ^ 

By using ()4.148p . the previous condition ()4.149p is reahzed if: 

lQCg{\\{pl-,)\\L^)\\h\\\ ._,exv{Cgi{\\{p\,-,)\\L-m\\ m))<\. (4.150) 

Pi ^2?! Pi ^21 ^ 

Let us mention that the condition (j5.152p is exactly the condition (J1.16p of the theorem 
11.31 It achieves the proof of the contraction property of "0 and by the fixed point theorem 
we have proved the existence of global strong solution under the hypothesis (J1.16p . It 
concludes the proof of theorem 11.31 



5 Proof of corollary [T] 

It suffices to apply the same proof than for the theorem II. 3t in particular to apply a fixed 
point theorem for the function f/; previously defined. The main difference concerns the 
way to deals with the remainder term KV In pi . Following the same arguments than for 
the estimate ()4.13ip we have for a regular function g and C > 0: 

IlKVlnpilL N -, <||ln/)i|L N , 
lHbZ ) lHbZ) 

<CKgi\\ip,,^)U^)\\h^\\ . (5.151) 

<CKg{\\ip'i,^)U^)\\hn ^_,. 

Pi ^2,1 

By using exactly the same arguments than in the previous proof we need the following 
smallness hypothesis with C > and g, g\ regular function in order to ensure the stability 
of the functional V' for a ball -B(0, R) with R defined as previously: 

lQKCg{\\{pl\)\\L^)\\hl\\ N_,exv{Cgi{\\{pl\)\\L^)\\h\\\ .)) <\. (5.152) 

Pi ^2,1 Pi ^2,1 ^ 

If we choose K small enough this last condition will be verified, the rest of the proof 
follows the same lines as in the proof of theorem 11.31 which achieves the proof of corollary 
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6 Appendix 

In this appendix, we just give a technical lemma on the computation of the capillarity 
tensor. 

Lemma 2 When k(p) = - with k > then: 



p 

1. 



divK = Kp{V Aln p +-V{\V In p\')). 

and: 

divK = Kdiv(pVVln/9). 

Proof: We recall that: 

divi^ = V{pK{p)Ap + -{k{p) + pK {p))\V p\'^) - dw{K{p)Vp Vp). 



When k{p) = -, we have: 



divK = nVAp- Kdiv{-Vp0Vp). (6.153) 

P 



But as: 

Ap = pAlnp + 
P 



A/j = /jAlnp+-|Vpp, 



we have by injecting this expression in (|6.153p : 

divi^ = KpVA Inp + nVpA lnp + KV(-|VpP) - Kdiv(-Vp Vp). (6.154) 

P P 

As we have: 

1 Ik 

K;div(-Vp® Vp) = KAlnpVp + V(-|Vlnpp) pV(|VlnpP). 

P P 2 

It concludes the first part of the lemma. 

We now want to prove that we can rewrite the capillarity tensor under the form of a 
viscosity tensor. To see this, we have: 

div(pV(V lnp))j = ^ diipdij Inp), 

i 

= X^ [dipdij In p + pdiij In p] , 

i 

= p( A V In p)j + ^ pdi In pdjdi In p) , 

i 

= p(AVlnp), + |(V(|Vlnp|2)),., 
= divK. 
We have then: 



divi^ = Kdiv(pVVlnp) = Kdiv (pi:»(V Inp)). 
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